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No no-go: A remark on time machines ?
John Byron Manchak
manchak@uw.edu

Abstract
We present a counterexample to Krasnikov’s (2002) much discussed time machine
no-go result. In addition, we prove a positive statement: a time machine existence
theorem under a modest “no holes” assumption.
Key words: Time Machines, Time Travel, Causality, General Relativity

1

Introduction

The following amounts to a minor remark. We simply claim that Krasnikov’s
(2002) time machine no-go result, as presented, cannot be true. In addition, we
prove a positive statement: a time machine existence theorem under a modest
“no holes” assumption.

2

Background Structure

We begin with a few preliminaries concerning the relevant background formalism of general relativity. 1 An n-dimensional, relativistic spacetime (for n ≥ 2)
is a pair of mathematical objects (M, gab ). M is a connected n-dimensional
manifold (without boundary) that is smooth (infinitely differentiable). Here,
? I thank Serguei Krasnikov, David Malament, and Christian Wüthrich for helpful
comments on an earlier draft.
1 The reader is encouraged to consult Hawking & Ellis (1973) and Wald (1984)
for details. An outstanding (and less technical) survey of the global structure of
spacetime is given by Geroch & Horowitz (1979).

Preprint submitted to Elsevier

10 January 2011
Proc-1

Combined P&C2011 / HyperNet11 Proceedings

gab is a smooth, non-degenerate, pseudo-Riemannian metric of Lorentz signature (+, −, ..., −) defined on M . Each point in the manifold M represents an
“event” in spacetime.
For each point p ∈ M , the metric assigns a cone structure to the tangent
space Mp . Any tangent vector ξ a in Mp will be timelike (if gab ξ a ξ b > 0),
null (if gab ξ a ξ b = 0), or spacelike (if gab ξ a ξ b < 0). Null vectors create the
cone structure; timelike vectors are inside the cone while spacelike vectors
are outside. A time orientable spacetime is one that has a continuous timelike
vector field on M . A time orientable spacetime allows us to distinguish between
the future and past lobes of the light cone. In what follows, it is assumed that
spacetimes are time orientable.
For some interval I ⊆ R, a smooth curve γ : I → M is timelike if the tangent
vector ξ a at each point in γ[I] is timelike. Similarly, a curve is null (respectively,
spacelike) if its tangent vector at each point is null (respectively, spacelike). A
curve is causal if its tangent vector at each point is either null or timelike. A
causal curve is future-directed if its tangent vector at each point falls in or on
the future lobe of the light cone.
For any two points p, q ∈ M , we write p << q if there exists a future-directed
timelike curve from p to q. We write p < q if there exists a future-directed
causal curve from p to q. These relations allow us to define the timelike and
causal pasts and futures of a point p: I − (p) = {q : q << p}, I + (p) = {q :
p << q}, J − (p) = {q : q < p}, and J + (p) = {q : p < q}. Naturally, for
any set S ⊆ M , define J + [S] to be the set ∪{J + (x) : x ∈ S} and so on.
A chronology violating region V ⊆ M is the set of points p ∈ M such that
there is a closed timelike curve through p. We say that a spacetime (M, gab ) is
distinguishing if for all points p, q ∈ M , we have I − (p) = I − (q) ⇒ p = q and
I + (p) = I + (q) ⇒ p = q.
A point p ∈ M is a future endpoint of a future-directed causal curve γ : I → M
if, for every neighborhood O of p, there exists a point t0 ∈ I such that γ(t) ∈ O
for all t > t0 . A past endpoint is defined similarly. For any set S ⊆ M , we
define the past domain of dependence of S (written D− (S)) to be the set of
points p ∈ M such that every causal curve with past endpoint p and no future
endpoint intersects S. The future domain of dependence of S (written D+ (S))
is defined analogously. The entire domain of dependence of S (written D(S))
is just the set D− (S) ∪ D+ (S).
A set S ⊂ M is achronal if no two points in S can be connected by a timelike
curve. A set S ⊂ M is a slice if it is closed, achronal, and without edge. A
spacetime (M, gab ) which contains a slice S such that D(S) = M is said to
be globally hyperbolic. A set S ⊂ M is a spacelike surface if S is an (n - 1)dimensional submanifold (possibly with boundary) such that every curve in S
2
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is spacelike. 2
0
Finally, two spacetimes (M, gab ) and (M 0 , gab
) are isometric if there is a dif0
0
. Two spacetimes (M, gab )
feomorphism φ : M → M such that φ∗ (gab ) = gab
0 0
and (M , gab ) are locally isometric if, for each point p ∈ M , there is an open
neighborhood O of p and an open subset O0 of M 0 such that O and O0 are
0
isometric, and, correspondingly, with the roles of (M, gab ) and (M 0 , gab
) inter0 0
changed. We say a spacetime (M , gab ) is a (proper) extension of (M, gab ) if
0
there is a proper subset N of M 0 such that (M, gab ) and (N, gab|N
) are isometric. We say a spacetime is maximal if it has no proper extension.

3

No No-Go

In this section, we will first present Krasnikov’s much discussed claim. 3 Then,
we will provide the counterexample. A few definitions will help us along. We
begin by considering a distinction between local and non-local conditions on
spacetime.
Definition. (Krasnikov) A condition C is local if the following is true: For
all spacetimes (M, gab ), C holds in (M, gab ) if and only if, for all open subsets
U of M , C holds in the spacetime (U, gab|U ).
We note here that Krasnikov’s definition of a local condition is strange; certain
conditions (such as the non-existence of closed timelike curves) which are
intuitively global, count as local. We will eventually exploit the unusual nature
of this definition.
Definition. (Krasnikov) A spacetime is a C-spacetime if it satisfies local
0
) is a C-extension of a C-spacetime (M, gab )
condition C. A C-spacetime (M 0 , gab
0 0
if (M , gab ) is an extension of (M, gab ). A C-spacetime is C-extendible if it has
a C-extension and is C-maximal otherwise.
Here is Krasnikov’s central result which has been interpreted as the statement
that “in classical general relativity a time machine cannot be built” (Krasnikov, 2002, p. 4109).
Claim. (Krasnikov) Any C-spacetime (M, gab ) has a C-maximal C-extension
2

Allowing S to have a boundary is non-standard but the formulation introduces
no difficulties. In particular, one may consider initial data on S and determine its
domain of dependence D(S). See Hawking & Ellis (1973, p. 201).
3 See Earman, Smeenk, & Wüthrich (2009), Earman & Wüthrich (2010), Manchak
(2009a), Minguzzi (2009), Minguzzi & Sánchez (2008), Monroe (2008), Olum &
Graham (2003), Smeenk & Wüthrich (2010).

3
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0
0
) (if any exist) are con) such that all closed causal curves in (M 0 , gab
(M 0 , gab
−
tained in the set I [M ].

Now we construct our counterexample. We begin by defining, in two steps, a
certain spacetime property A. Then, we prove that it is local under Krasnikov’s
definition.
Definition. A spacetime (M, gab ) is almost maximal if it has a maximal ex0
tension (M 0 , gab
) such that the set M 0 − M contains only a finite number of
points.
Definition. A spacetime satisfies condition A if it satisfies one of the following:
(i) it is either maximal or almost maximal and contains closed timelike curves
or (ii) it is neither maximal nor almost maximal.
Lemma. Condition A is local.
Proof. Let (M, gab ) be an arbitrary spacetime satisfying A. We must first show
that, for every open subset U of M , the spacetime (U, gab|U ) satisfies A as
well. If (M, gab ) is neither maximal or almost maximal, then clearly every
open subset U of M will be such that (U, gab|U ) is neither maximal nor almost
maximal. So, every open subset U of M will be such that A holds in (U, gab|U ).
We turn to the other case: assume that (M, gab ) is either maximal or almost
maximal. Since (M, gab ), by assumption, satisfies A, it follows that (M, gab )
must must have a chronology violating region V ⊂ M (which is necessarily
open). Let U be an arbitrary open subset of M . If (U, gab|U ) is neither maximal
nor almost maximal, then it satisfies A. If, on the other hand, (U, gab|U ) is either
maximal or almost maximal, then clearly it is the spacetime (M, gab ) with some
finite number of points removed. So (U, gab|U ) must have a chronology violating
region V 0 where V 0 is just the set V with a finite number points removed. So,
(U, gab|U ) satisfies condition A.
Now, let (M, gab ) be an arbitrary spacetime which does not satisfy A. To
complete the proof, we need only show that for some open subset U of M ,
the spacetime (U, gab|U ) also fails to satisfy A. But this is easy. We know that
(M, gab ) must be either maximal or almost maximal and free of closed timelike
curves. Let U be the set M with one point removed. Clearly, the spacetime
(U, gab|U ) is almost maximal. But it is also free of closed timelike curves. So
(U, gab|U ) fails to satisfy A. 
Now, in order to streamline the proof of the proposition below, we give the
following lemma.
Lemma. An A-maximal spacetime contains closed timelike curves.
Proof. Let (M, gab ) be an A-maximal spacetime. Assume that (M, gab ) is free
4
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of closed timelike curves. We show a contradiction. We know that, because
(M, gab ) is free of closed timelike curves and satisfies A, it must be neither max0
imal nor almost maximal. Let (M 0 , gab
) be any maximal extension of (M, gab ).
Note that this implies that the set M 0 − M contains an infinite number of
0
points. In (M 0 , gab
), let p be any point in the boundary of M 0 − M . And let
N be a neighborhood of p which is small enough to permit the existence of
a subset of M 0 − M , disjoint from N , which contains an infinite number of
0
points. Consider the spacetime (M ∪ N, gab|M
∪N ). Clearly, it is an extension
of (M, gab ). But since it is neither maximal nor almost maximal by construc0
tion, (M ∪N, gab|M
∪N ) is also an A-spacetime. So, (M, gab ) is A-extendible and
therefore not A-maximal: a contradiction. 
Finally, we are ready to present the counterexample.
Proposition. Krasnikov’s claim is false.
00
)
Proof. Assume Krasnikov’s claim is true. We show a contradiction. Let (M 00 , gab
00
00
be Misner spacetime. So, M = R × S and gab = 2∇(a t∇b) ϕ + t∇a ϕ∇b ϕ where
the points (t, ϕ) are identified with the points (t, ϕ + 2πn) for all integers n.
00
Let M be the set {(t, ϕ) ∈ M 00 : t < 0} and let gab = gab|M
.

Consider the spacetime (M, gab ). By construction, it is neither maximal nor
0
) be any A-maximal, Aalmost maximal. So, it is an A-spacetime. Let (M 0 , gab
0 0
extension to (M, gab ). By the lemma above, (M , gab ) contains closed timelike
curves. By Krasnikov’s claim, these closed timelike curves must be contained
in the set I − [M ]. But this leads to a contradiction: in any extension of (M, gab ),
0
including (M 0 , gab
), one can verify that I − [M ] = M and that M contains no
closed timelike curves. 

4

Positive Result

As mentioned by Earman & Wüthrich (2010), it may be that something like
Krasnikov’s claim can be proven if it is sufficiently altered. 4 But in this section, we wish to put aside worries concerning a possible no-go result and prove,
under a modest “no holes” assumption, the existence of a time machine.
One condition which is sometimes imposed on spacetime is hole-freeness (Geroch, 1977). Formally, we say a spacetime (M, gab ) is hole-free if, for any spacelike surface Σ in M there is no isometric embedding θ : D(Σ) → M 0 into
0
another spacetime (M 0 , gab
) such that θ(D(Σ)) 6= D(θ(Σ)).
4

Perhaps one can use the definition of a local condition given in Manchak (2009c)
to prove a no-go theorem.

5
Proc-5

Combined P&C2011 / HyperNet11 Proceedings

It turns out that under hole-freeness, a time machine existence theorem can
be proven (Manchak, 2009a). However, it has recently been shown by Manchak (2009b) and Krasnikov (2009) that hole-freeness may not be a physically
reasonable condition. Indeed, some maximal, globally hyperbolic models (including Minkowski spacetime) are not hole-free.
Fortunately, another more reasonable “no holes” assumption can also be used
to prove a time machine existence theorem. Recall that a causally simple
spacetime (M, gab ) is one which is (a) distinguishing and (b) such that for all
p ∈ M , J + (p) and J − (p) are closed (Hawking & Sachs, 1974). Here, condition
(a) concerns the causal structure of spacetime while condition (b) concerns
“the limitations on the kind of gaps [holes] spacetime can have” (Hawking &
Sachs, 1974, p. 295).
Of course, one cannot use causal simplicity to prove a time machine existence
theorem; no distinguishing spacetime can have closed timelike curves. But, it
turns out that we can use condition (b) alone to find a result. And not only is
this condition satisfied by all globally hyperbolic models (including Minkowski
spacetime) but it is also satisfied by many acausal models as well (e.g. Gödel
spacetime, Taub-NUT spacetime). In this sense, then, it is a more appropriate
condition than hole-freeness. We have the following. 5
Definition. A spacetime (M, gab ) is a time machine if (i) there is a spacelike
slice S ⊂ M , a set T ⊂ M with compact closure, and a chronology violating
region V ⊂ M such that T ⊂ D+ (S) and V ⊂ J + [T ] and (ii) every maximal extension of D(S) which satisfies condition (b) contains some chronology
violating region V 0 .
Proposition. There exists a time machine.
Proof. Let (M, gab ) be Misner spacetime. So, M = R×S and gab = 2∇(a t∇b) ϕ+
t∇a ϕ∇b ϕ where the points (t, ϕ) are identified with the points (t, ϕ + 2πn) for
all integers n.
Let S be the spacelike slice {(t, ϕ) ∈ M : t = −1}. It can be easily verified
that, D+ (S) = {(t, ϕ) ∈ M : −1 ≤ t < 0}. Let T be the compact set {(t, ϕ) ∈
M : t = −1/2}. So, T ⊂ D+ (S). Note that the set {(t, ϕ) ∈ M : t > 0} is
a chronology violating region. Call it V . Clearly, V ⊂ J + [T ]. Thus, we have
satisfied condition (i) of the definition of a time machine.
0
Now, let (M 0 , gab
) be a maximal extension of D(S) = {(t, ϕ) ∈ M : t < 0}
which satisfies condition (b). We show that it must contain closed timelike
curves. Now, for every k ∈ [0, 2π], let γk be the null geodesic curve whose
image is the set {(t, ϕ) ∈ M : ϕ = k & − 1 < t < 0}. Now, for each k, γk
5

The reader is encouraged to compare this result with the one in Manchak (2009a).

6
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either has a future endpoint pk or not. Let K be the set of all the endpoints
0
pk . Because (M 0 , gab
) is maximal and satisfies condition (b), we know that K
0
must be a closed null curve. (Assume not. Because (M 0 , gab
) is maximal, there
will certainly be some point p in K. But because K is not a closed null curve,
there will be some other point q in the neighborhood of p which is also in K
such that q ∈
/ J − (p). But of course, q is in the closure of J − (p) since q ∈ K.
−
So J (p) is not closed – a contradiction.)
Now, we can extend the coordinate system used in Misner spacetime to a
neighborhood K 0 ⊂ M 0 of K. Under this coordinate system, we have K =
{(t, ϕ) ∈ K 0 : t = 0}. Consider any point pk ∈ K and a neighborhood Uk ⊂ K 0
∂ a ∂ b
0
) ( ∂ϕ ) .
(t, ϕ)( ∂ϕ
of pk . Let fk : Uk → R be the function defined by fk (t, ϕ) = gab
Of course, when the domain of fk is restricted to the set of points (t, ϕ) ∈ Uk
0
ensures the boundary
where t ≤ 0, then fk (t, ϕ) = t. The smoothness of gab
∂
conditions fk (0, ϕ) = 0 and ∂t
fk (0, ϕ) = 1 are satisfied. Clearly then, there
must be an k such that fk (t, ϕ) > 0 for all t ∈ (0, k ]. Now, let  : K → R
0
allows
be the function defined by (pk ) = k . Note that the smoothness of gab
us to choose our k so that  is a continuous function. Because K is compact,
 takes on a minimum value (call it min ). 6 Next, let V 0 be the set {(t, ϕ) :
∂ a ∂ b
0
) ( ∂ϕ ) > 0. Now, let w be any
0 < t ≤ min }. Clearly, on V 0 , we have gab
( ∂ϕ
0
0
point in V and consider the curve γ : I → V through w with tangent vector
∂ a
ξ a = ( ∂ϕ
) at every point. Because γ is contained entirely within V 0 , we know
0 a b
ξ ξ > 0. Thus, γ is a closed timelike curve and we have satisfied
that gab
condition (ii) of the definition of a time machine. 
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Embodied Computation
Applying the Physics of Computation to Artificial Morphogenesis
Bruce J. MacLennan
Department of Electrical Engineering and Computer Science, University of Tennessee, Knoxville, TN
37996-3450, USA, www.cs.utk.edu/~mclennan, maclennan@eecs.utk.edu

1

Introduction

In recent decades there has been growing recognition of the importance of embodiment as a foundation for intelligence [9, 11, 12, 15, 22, 23, 34, 38–40]. Whereas it had been traditional in artificial
intelligence and cognitive science to suppose that intelligence requires complex internal models of
the body and the world in order to behave competently, it has been found that embodied agents can
function competently without these complex models by exploiting their bodies and their physical
environments as their own models. Embodied agents do not require a complex analytical model of
their world in order to behave competently in it. Information structures emerge from an agent’s
purposeful interaction with its physical environment.
Furthermore, the embodied perspective recognizes that often the goal of intelligence is not to
obtain some abstract answer, but to have some physical effect in the physical world. This could be
moving from one place to another, capturing prey, avoiding predators, eating, mating, etc. This
is especially the case in embryological morphogenesis (creation of three-dimensional structure),
for the information processing, communication, coordination, and self-organization of the cells is
directed toward the creation of a specific physical object — the newborn organism. Likewise in
artificial morphogenesis, the goal is less information processing than physical effect; communication
and computation are a means to this end [25, 28, 31].
We may extend the ideas of embodied intelligence to computing in general [26, 27, 32]. Embodied
computation may be defined as computation in which the physical realization of the computation
or the physical effects of the computation are essential to the computation. In terms of its essential
dependence on its realization, embodied computation is similar to material computation and in
materio computers [43, 44], but the centrality of physical effect to its definition allies it to embodied
cognition. Embodied computation will be increasingly important in our pursuit of post-Moore’s
Law computing technologies [26, 27, 32, 29].
In particular, nanocomputation forces a convergence of the informational and the physical that
requires an embodied approach [26, 32]. First, nanocomputation is closer to the physical processes
that realize it. Hitherto computers have been built on many levels of abstraction. For example, real
numbers and operations on them are implemented in terms of many bits and sequential circuits that
process them. Individual bits and circuits, in turn, are composed of many individual transistors
and other circuit elements. Even here there are levels of abstraction; for example, flip-flops use
continuous physical laws to implement discrete devices by operating transistors in saturation. As
we push towards higher densities and higher speeds, we will not have the luxury of these levels of
abstraction, and our computational models will have to become more like fundamental physical
processes [29].
Another reason that embodiment is essential to nanocomputation is that the physical effects
that we are accustomed to ignore in contemporary computing are proportionately larger and cannot
be abstracted away. For example, noise (e.g., thermal noise), quantum uncertainty, faults, defects,
randomness and other deviations from an idealized perfection are all unavoidable. Rather than
viewing these effects as undesirable intrusions on computation, it is better to reconceptualize computation in terms of these inevitable characteristics of nanoscale systems, and so make productive
use of them. For example, noise, uncertainty, faults, etc. can be exploited as sources of useful free
variability (as used for example in stochastic optimization).
Furthermore, and especially relevant to nanoscale self-assembly, the physical realizations of
computation are often at the same scale as their intended physical effects. Therefore, there is no
need for actuators to translate low-level control signals into large-scale physical effects; the same
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physical processes that realize the computation may constitute its physical effect. At the nanoscale,
computation may be truly embodied in that input and output transduction is unnecessary [26].

2

Embodied Computation in Morphogenesis

Proteins are fundamental agents of embodied computation, because they are the nexus of informational and physical processes in living things. The function of a protein, of course, depends
primarily on its shape, on the chemical groups that are thus hidden or exposed, and on its resulting
affinities, but also on the protein’s dynamical properties.
A protein’s physical structure is determined by its amino acid sequence, which is encoded
in DNA and transcribed into RNA. The resulting polypeptide sequence folds up into a complex
three-dimensional shape with characteristic mechanical, chemical, and other physical properties
relevant to its function in the organism. In this case we have a fairly direct relationship between
an information structure, as encoded in the DNA, and a functional physical structure (the protein
molecule). The DNA is not some abstract blueprint for the protein’s physical structure, but by its
translation into a polypeptide sequence it self-organizes into a physical structure.
Fundamental to embodied computation at the cellular level are allosteric proteins, which have
multiple conformations with different functions, and can be switched between these conformations
by binding regulatory molecules [8, pp. 63–5, 78–9]. In these cases the information processing function — the decision to function in different ways depending on the regulatory input — is realized
directly by the change in protein shape cause by the regulatory molecule. Some allosteric proteins
have nine regulatory sites and can respond to various combinations of regulators, implementing
hierarchical regulation, making these proteins more complex than simple switches [8, pp. 63–5,
78–9].
Tissues — masses of functionally related cells — are higher-level media of embodied computation in multicellular organisms. During embryological morphogenesis cells interact primarily in
two kinds of tissue, mesenchyme and epithelium, which often interact in pairs [16, pp. 16, 21].
Mesenchyme is a tissue in which largely unattached cells are suspended or migrate through a
three-dimensional extracellular matrix composed of proteins, polysaccharides, and other nonliving
substances. It is viscoelastic “soft matter” through which cells can move and morphogens can diffuse [17, p. 3]. In contrast to mesenchyme, cells may be tightly bound into sheets, called epithelia.
Typically the cells are arranged in a polarized orientation, bound side to side, with their apical ends
forming a tight seal on one side of the sheet, and their basal ends, on the other side, contacting an
extracellular matrix, often in the form of a basement membrane [16, p. 68]. Although the cells are
bound together, they are still able to move relatively to each other, which is an important morphogenetic mechanism [16, pp. 71–8]. Epithelia are essential vehicles for morphogenesis, for as they
fold, stretch, and deform in other ways, they bring different cells and tissues in contact with each
other, triggering further morphogenetic processes [16, pp. 71–8]. Among other functions, epithelia
confine cell migration and morphogen diffusion, thus altering the progress of morphogenesis. Also
essential to morphogenesis are epithelial-mesenchymal transformations, in which mesenchyme may
condense into an epithelium, or an epithelium “dissolves” and disperses into mesenchyme [16, pp.
67–71].

3
3.1

Artificial Morphogenesis
Morphogenesis as Embodied Computation

Embryological development uses molecular interactions to regulate and coordinate morphogenesis
in order to generate complex hierarchical systems, organized from the nanoscale up through the
macroscale. Our goal is to understand this process as embodied computation, so that we can
identify which physical relationships are essential to it, in order to realize them in different, artificial
self-assembling systems. In particular, this will help us to understand how to exploit molecular
coordination at the nanoscale in order to realize complex embodied computation.
For example, we know that diffusion is an important means of signaling and coordination
in development, for it can broadcast information through a region, or establish gradients that
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create patterns. In many cases the particular molecules that diffuse are not so important as more
abstract properties: that they can be produced and detected by the agents, and that they have
certain relative diffusion and degradation rates relative to other processes. Nevertheless, physical
diffusion is a process that can be profitably exploited at the nanoscale, and so we should learn how
to use it.
A closely related process occurs when a sufficiently stimulated cell produces a signal that stimulates nearby cells. This causes a wave of activity to propagate through the medium. Examples of
such excitable media are found in the propagation of neural action potentials [18], the aggregation
of the slime mold Dictyostelium discoideum [24, 37], and the clock-and-wavefront model of somitogenesis [13, 14, 20], among others. Excitable media can be implemented in many different ways,
and so they can be implemented in many systems for the purposes of morphogenesis.
Chemotaxis is also an important morphogenetic mechanism, which can be implemented by a
variety of means. All that is required is the establishment of a gradient — perhaps by diffusion of a
signal molecule — and an agent capable of moving up or down the gradient. Whether the gradient
is of molecular concentration, of adhesion, of electrical charge, or of something else matters only
insofar as the agent can follow it on the intended length scale.
In general terms our approach is to take natural morphogenetic processes, express them mathematically (if not already done in the literature), and understand them in general physical terms
(e.g., diffusion, adhesion, attraction, stress, pressure). This abstract description is the essence of
the embodied computation, which can then be realized by other physical systems conforming to the
mathematical description (which constitutes, in effect, a morphogenetic “program”). Even models
that have been rejected as explanations of morphogenesis in embryos may be useful in artificial
systems, if they have the correct dynamical behavior.
In general, artificial morphogenesis can be considered a species of amorphous computing [1],
but — especially after the morphogenetic process has progressed — it is anything but amorphous.
Indeed, it is prior forms that create the conditions that govern the creation of later forms. There
has, of course, been much work in the computational modeling of natural morphogenesis, but
the goal of our research is nanotechnological. Other researchers have addressed similar goals, for
example in the context of reconfigurable robotics, and sometimes inspired by morphogenesis [19,
35, 36], but in our opinion they have not taken full advantage of developmental science nor faced
up to the problem of very large numbers of agents (hundreds of thousands to hundreds of millions).
3.2

Natural vs. Artificial Morphogenesis

Depending on the realization medium, there may be significant differences between natural and
artificial morphogenesis. Of course, if genetically-engineered organisms are used for artificial morphogenesis, then the differences from natural morphogenesis might not be great, but in this paper
we will focus on artificial agents that may use biological materials but are not living organisms.
Therefore we must consider the way that morphogenetic processes need to be adapted for artificial
agents.
Among the primary processes of morphogenesis, Edelman lists three driving forces [16, p. 17].
The first is cell proliferation, which results from cell division, and is the principal means by which
tissues increase in size. However, at this time we do not have a feasible means of making selfreproducing artificial agents, and so proliferation must be accomplished by different means in
artificial morphogenesis.
One approach is to provide a supply of new (or recycled) agents, but they will need a path
to proliferation sites, which creates additional problems. It is difficult to tell at this time whether
this problem will be a minor difference between natural and artificial morphogenesis, or whether
it will dictate wholly new approaches in artificial systems. Fortunately, simulations will be useful
in determining alternative approaches to cell division.
Another driving force is programmed cell death (apoptosis), that is, cell elimination. which is one
of the most important processes for sculpting tissues and for fine-tuning structure (as in the nervous
system). Artificial analogues are much more feasible than for cell division, since it is easy to imagine
mechanisms by which artificial agents inactivate and even disassemble themselves. However, the
end products may be less amenable to reabsorption or recycling than natural substances, but
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this does not seem to be an insurmountable problem. Again, simulations will allow alternative
approaches to be explored.
The third driving force is cell migration, and the principal means by which cells move during
morphogenesis is by changing shape (e.g., by extending lamellipodia) and controlling their adhesion to other cells and to the extracellular matrix. Adhesion is implemented by a variety of cell
adhesion molecules (CAMs) and substrate adhesion molecules (SAMs), which are deployed on the
cell membrane in an orchestrated but stochastic manner [16, ch. 7].
It seems unlikely that artificial agents will have a comparable flexible shape, or the variety of
CAMs and SAMs or flexibility in deploying them. However it is plausible that migration of artificial
agents will be primarily be means of control of local adhesion. But we may have to adapt some
morphogenetic processes to accommodate artificial agents with more limited locomotive abilities
than their natural counterparts. Electrostatic adhesion is another possibility [19], but it does not
have the specificity of molecular adhesion, which may be crucial for morphogenesis.
In addition to the driving forces, Edelman includes two regulatory processes among the primary
morphogenetic processes. The first regulatory process is differentiation, by which a cell changes its
genetic expression and thereby becomes more specialized in its function. There are several ways that
artificial morphogenetic agents can accomplish the same purpose. Obviously, any computational
system can have multiple internal control states that regulate its operation, and this is the direct
analogue of cell differentiation. Protein and genetic regulatory circuits in cells correspond in many
ways to electrical circuits [8, 7]. However, internal states occupy physical resources, and artificial
microscopic agents might have limited internal state spaces.
Natural morphogenesis operates with genetically identical cells descended from a single cell. (An
exception would be the quasi-morphogenetic assembly of genetically diverse slime mold amoebae
into an organized “slug.”) However, artificial morphogenetic processes are not constrained in this
way. Since proliferation cannot be implemented through self-reproduction, but requires an external
source of new agents, therefore differentiation can be handled by providing agents of different
kinds. However, this does require a change in morphogenetic processes, since instead of agents
differentiating in situ, already specialized agents will have to find their way to their destinations
from outside the tissue. In practice, we expect that artificial morphogenesis will make use of both
processes, with specialized agents further differentiating by change of internal state.
The second regulatory process is adhesion, both cell to cell and cell to substrate. Adhesion has
mechanical functions, as a basis of cell motion and of both elastic and rigid tissues, but adhesive
molecules also provide signals regulating differentiation, epithelial-mesenchymal transformations,
etc. Therefore we must consider how analogous functions can be accomplished with artificial agents.
For example, temporary adhesion, especially for purposes of migration, might be implemented by
electrostatic or magnetic actuators [19]. The same would apply to epithelial-mesenchymal transformations. More permanent adhesion could be implemented by mechanical latching [41].
The extracellular matrix is the medium through which mesenchymal cells move, it is a medium
through which morphogens diffuse, and it provides a substrate to which cells adhere — all important functions in artificial morphogenesis as well. Furthermore, although active agents (cells
or microrobots) are often the medium of morphogenetic self-assembly, agents may also arrange
inactive components and substances as part of the final structure. Non-living agents may be less
capable of producing these substances than living cells, and so in some applications we will have to
find alternative solutions. For example, rather than having agents produce materials in situ, they
may have to go and transport them from an external supply, or bring them along when they are
arriving externally in lieu of in situ reproduction. Which solution is most appropriate will depend
on the details of the morphogenetic process, including the relative quantities of material involved.
Cells have flexible membranes and, by controlling their cytoskeletons, are able to change shape
in a variety of ways; they are also able to redistribute the adhesive molecules on their membranes.
These capabilities are important for contraction, differential adhesion, and other morphogenetic
processes. Although artificial agents may have similar capabilities, we expect them to be less
extensive and less flexible. It is difficult to evaluate the effect of these differences without the
capabilities of a specific implementation medium in mind, although some of the possibilities may
be explored through simulation.
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3.3

Levels of Description

Biologists use a variety of means to describe morphogenetic processes, including mathematical
equations, agent-based models, and qualitative descriptions, such as influence diagrams [6, 46].
To enable the development of artificial morphogenesis, we have been developing and evaluating
a formal notation, which can be thought of as a kind of programming language, oriented toward
artificial morphogenesis [28, 30, 25, 31] (see Sect. 4 for examples).
Morphogenetic agents are discrete (e.g., cells or microrobots), but — especially in the context of
complex, hierarchically structured systems — the numbers of agents are so large that it is generally
convenient to treat them as a continuum. Biologists often make use of partial differential equations
and continuum mechanics to describe these processes [17, 33, 5, 45], and we have found this to be
a useful mathematical framework.
One advantage of a continuum approach over more agent-based models is that it ensures that
our morphogenetic processes scale up to very large numbers of very small agents, for in the continuum limit we have an infinite number of infinitesimal agents. We take this to be an advantage over
some other approaches to self-assembly, programmable matter, etc. that have been demonstrated
(generally in simulation) for modest numbers of agents (generally, at most hundreds), but do not
obviously scale up to very large numbers (tens of thousands to millions or more).
Nevertheless, it is sometimes more convenient to treat tissues as collectives of discrete agents.
One reason is that there may be small-sample effects when the density of agents is low, and in
these cases it may be better to treat the agents from the perspective of statistical mechanics.
Another reason is that it is sometimes more intuitive to describe behavior from an agent-oriented
perspective, that is, a cell- or robot-eye view [6]. Our approach to this issue is to use a material
(Lagrangian) reference frame, as opposed to a spatial (Eulerian) frame [28, 30, 25, 31]. We are also
developing formal tools to help us negotiate the borderlands where the continuum approximation
is not appropriate [28, 25]. In general, in our development of techniques and notation, we are
attempting to maintain complementary perspectives, so that continuum methods also apply to
large numbers of spatially organized discrete elements.
More specifically, the requirements of complementarity have dictated a different spatial scale
from some other approaches to describing morphogenesis. For example, CompuCell3D models
morphogenetic processes at a level below individual cells in order to be able to address changes in
cell shape [10]. We, however, describe morphogenesis at a higher level, at which differential volume
elements represent ensembles of agents. This requires some special approaches, described elsewhere
[28, 30, 25, 31], for dealing with ensembles whose constituent agents might not all have the same
values for their properties, and for dealing with properties such as shape and orientation.
3.4

Change Equations

As have most biologists, we have found it most convenient to describe morphogenetic processes
by means of differential equations. However, sometimes it is convenient to treat them as discretetime processes, for example, when they are simulated on a digital computer. Therefore, we have
been experimenting with formal change equations, which have complementary interpretations as
differential equations and finite difference equations. For example, the change equation
- X = F (X, Y, . . .)
D
can be interpreted as a differential equation, ∂X/∂t = F (X, Y, . . .), or as a finite difference equation,
∆X/∆t = F (X, Y, . . .), where the time step ∆t is implicit in the notation. The formal rules for
manipulating change equations respects their complementary continuous-time and discrete-time
interpretations.
3.5

More and Less Specific Implementations

Embodied computational processes can be more or less specific to particular physical realizations;
they may depend on physical properties and processes that are more or less common. Therefore, in
developing an embodied computational process we must decide how specific to a particular class
of physical realizations we want it to be. For example, in morphogenesis, we do not want to tie
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ourselves to accomplishing things the same way as an embryo does. A more abstract description of
the natural process may have alternative realizations that are just as effective but more suitable
to artificial morphogenesis.
For example, in embryological somitogenesis cell proliferation causes the embryo’s tail bud to
recede from its head end because the new cells push them apart (see Sect. 4.2 below). However,
for the purposes of somitogenesis all that matters is that the distance between the head region and
tail bud increases while maintaining a constant cell density between them. One way to accomplish
this is the way the embryo does, with cell division increasing the tissue volume and pushing the
head and tail apart. But for artificial morphogenesis is might be more feasible to accomplish the
same effect in a different way. For example, the tail bud agents could migrate away from the head,
which would tend to decrease the agent density between the head and tail. The decrease in density
could recruit agents from an external supply to join the intermediate tissue and restore the density
to its nominal value. Here we have two more-specific realizations of one more-abstract embodied
computational process.
Analogous to the class and subclass structure in object-oriented programming languages, we
can see that embodied computational processes, in morphogenesis and other applications, can be
arranged in hierarchies of more or less specific physical behavior. As will be shown in the following
examples, our morphogenetic programming notation defines substances in a similar class hierarchy.

4

Examples

4.1

Simple Diffusion

To illustrate our experimental notation for artificial morphogenesis, we begin with a simple, familiar example, diffusion. The fundamental concept is a substance, which is a class of materials
with common properties and behavior (analogous to a class in an object-oriented programming
language). A morphogenetic program comprises a number of bodies or tissues, each an instance of a
substance. (Bodies are analogous to the objects of object-oriented programming.) As in continuum
mechanics, a body or tissue is treated as a continuum of material points, which undergoes deformation as a result of its dynamical laws [17, 45]. A fundamental property of every material point
in a body is p, its position in three-dimensional space. Therefore, in the simplest case diffusion is
defined by a stochastic differential equation governing the position of each point:
- p = µ+σD
- W.
D
Here µ is a vector field defining a drift velocity (perhaps caused externally) at each point in space;
- W is an n-dimensional random vector (normally distributed with zero
the Wiener derivative D
mean and unit variance in each dimension), which is the source of n degrees of random variability
(Brownian motion) for the particle; and σ is an 3 × n tensor field, which — at each point in space
— describes three-dimensional diffusibility resulting from the sources of randomness. (Consistent
complementary discrete and continuous interpretations of the above stochastic differential equation
require that it be interpreted according to the Itō calculus, as explained elsewhere [28, 25, 31].)
Our notation declares the fundamental variables (without specifying their values) and defines
the behavior of the substance (here called morphogen):
substance morphogen:
vector field µ
k drift velocity
order-2 field(3 × n) σ k diffusion tensor
order-1 random(n) W k random motion

behavior:

- p = µ+σD
-W
D
The above is a particle-oriented (or agent-oriented) description of diffusion, but often we want
a higher level description that addresses the probability density of particles and how it evolves in
time. This is provided by Fokker-Planck equation for the probability density φ:
- φ = ∇ · [−µφ + ∇ · (σσ T φ)/2].
D

Proc-14

Combined P&C2011 / HyperNet11 Proceedings

We describe this in our notation, where for convenience we define the 3 × 3 diffusion tensor field
D = σσ T /2 and express the equation in terms of the particle flux j:
substance morphogen:
scalar field φ
vector fields:
j
µ
order-2 field D
behavior:

k concentration
k flux
k drift velocity
k diffusion tensor

j = µφ − ∇ · (Dφ)

- φ = −∇ · j
D

k flux from drift and diffusion
k change in concentration

The preceding notation defines the substance morphogen, but it does not define any bodies of
this substance. This is accomplished by a definition such as the following, where for simplicity we
define a body called Volume, whose initial state has a small concentration of particles around the
origin:
body Volume of morphogen:
for X 2 + Y 2 + Z 2 ≤ 1:
j=0
k initial 0 flux
µ=0
k drift vector
D = 0.1I k isotropic diffusion
for X 2 + Y 2 + Z 2 ≤ 0.001: φ = 1 k initial density inside sphere
for X 2 + Y 2 + Z 2 > 0.001: φ = 0 k zero density outside sphere

Fig. 1. Simulation of somitogenesis by clock-and-wavefront process. In this figure the colors indicate the
dominant signal in a region. Brown color indicates differentiated somite tissue (S ≈ 1). From left to
right there is a short rostral (head) segment, which is initialized in a differentiated state, three completed
segments, and a fourth segment in the process of differentiation. Green color bordering differentiated tissue
represents the rostral or anterior morphogen (R), which diffuses throughout the tissue, but is visible in
this figure only in undifferentiated areas. The yellow color represent cell mass M growing to the right.
The blue region on the far right represents a high concentration of the caudal or posterior morphogen
(C) diffusing from the tail bud or caudal segment (invisible in the blue region). The red line represents a
wave of the segmentation signal α propagating through the cell mass toward the head. When a wave of
the segmentation signal passes from the tail bud to the left, a segment will differentiate only where the
concentrations of both the anterior R and posterior C morphogens are sufficiently small. In this case we
can see the differentiation of the fourth segment beginning in the wake of the α wave; the green color
represents R morphogen that is already diffusing from this newly differentiated tissue. The very faint red
line at the left end of the second full segment is the previous α wave, still propagating toward the head. R
morphogen diffusing from the most recently completed segment prevents a new segment from fusing with
it, leaving the small bands of (yellow) undifferentiated tissue visible between the segments.

4.2

Segmentation

An important problems for morphogenesis is how to count things; for example, how does an embryo
count the correct number of vertebrae for its species? Several models have been proposed [13, 14,
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20, 4, 3, 2], all of which may be relevant for artificial morphogenesis. We have investigated a variant
of the clock-and-wavefront model originally proposed by Cooke and Zeeman in the mid 1970s [13].
The process can be described briefly as follows (see
simulation in Fig. 1). The individual segments or somites
are formed sequentially from the anterior end of the embryo to its posterior end as the embryo grows posteriorally. Each new segment is formed in a “sensitive re(a)
gion” of low concentration of two morphogens, a rostral or
anterior morphogen diffusing from already differentiated
segments and a caudal or posterior morphogen diffusing
from the tail bud. There is a pacemaker in the tail bud
that periodically produces a pulse of a signaling chemical, the segmentation signal. This signal propagates an(b)
teriorly and when it passes through the sensitive region
it causes the cells in that region to differentiate into a Fig. 2. Simulation of growth process.
new segment. Therefore the segment length is determined (a) Density T of tissue in tail-bud state.
jointly by the growth rate and the clock period (see the (b) Density M of undifferentiated tissue.
example in an earlier paper [31]); the number of segments
is determined by the duration of the extension process.
In this example we want to show how the clock-andwavefront mechanisms can be combined with other common physical processes to create an interesting structure:
a sequence of “vertebrae” with a pair of “leg buds” medial to each vertebra. Figs. 2–3 illustrates the process in
progress.
(a)
The clock-and-wavefront process is easy to translate
into a morphogenetic program (we omit the programming
notation for brevity). The tail bud is a separate tissue
body, which is characterized by T = 1 in a small region
(T = 0 outside it); this body is moving at a constant velocity (to the right in Fig. 2(a)), leaving undifferentiated
(b)
tissue (M = 1, S = 0) in its wake (Fig. 2(b)). In an embryo this movement is caused by cell proliferation in the
caudal region, but in artificial morphogenesis, it could be
caused by the entry of new agents into the caudal region,
or by any other process that caused the tail bud to move
away from rostral region (recall Sect. 3.4). Therefore, we
(c)
may take the tail agents to be moving with a velocity ru,
where u is a unit vector in the direction of tail movement.
The tail agent flux is then rT u, and the change in tail
agent concentration is given by the negative divergence
of the flux:
(d)
- T = −∇(rT u) = −r(u · ∇T + T ∇ · u).
D
-M =
Production of undifferentiated tissue is given by D
rT /λ, where λ is the length of the tail bud.
The posterior (caudal) morphogen concentration C ∈
[0, 1] is maintained at its maximum concentration in the
tail bud (C = 1 where T  0), and otherwise diffuses
and degrades at specified rates:
- C = DC 4C − C/τC + κC T (1 − C).
D
We choose κC to be large enough to cause rapid saturation of C in the tail bud (Fig. 3(a)).
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Fig. 3. Simulation of clock-and-wavefront
segmentation process. Four segments
(brown color) are complete on the left and
a fifth segment is differentiating. (a) Density C of caudal (posterior) morphogen
diffusing from tail cells. (b) Density
S of differentiated segmentation tissue.
(c) Density R of rostral (anterior) morphogen diffusing from differentiated segments.
(d) Concentration α of segmentation
signal propagating to left.

Combined P&C2011 / HyperNet11 Proceedings

The anterior (rostral) morphogen concentration R ∈ [0, 1] is maintained at its maximum concentration in the somites (i.e., R = 1 where S  0), and otherwise diffuses and degrades at specified
rates:
- R = DR 4R − R/τR + κR S(1 − R).
D
κR is chosen to cause rapid saturation of R in the somites (Fig. 3(b, c)).
- G = −G/τG . Typically
Growth continues so long as a variable G > ϑG , which decays at a rate D
we set ϑG = 1/e and G0 = 1 so that the time constant τG is the duration of the growth period.
The tail bud has a clock signal K, with frequency ω, which can be described as a simple
- 2 K = −ω 2 K. So long as growth continues, whenever the clock is above a
sinusoidal oscillator, D
threshold ϑK , the tail bud emits a pulse of the segmentation signal α, which diffuses at rate Dα
and degrades with time constant τα . These are represented by the terms +T u(G−ϑG )u(K −ϑK ) +
- α.
Dα 4α − α/τα (where u is a unit step or Heaviside function1 ), which together contribute to D
If the α morphogen is above a threshold ϑα and the
medium (regions with 1 ≥ M  0) is not in its refractory period, then the medium “fires,” generating a pulse
of α and entering a refractory period represented by a
nonnegative recovery variable % (with time constant τ%
and threshold ϑ% ). (The refractory period assures that
the wave propagates in one direction: Fig. 3(d).) Thus
the medium fires if φ ≈ 1, where

(a)

φ = M u(α − ϑα )u(ϑ% − %)δ,
where δ is a unit impulse (Dirac delta function) parameterized by time. Hence we can state the change equations
for the segmentation signal and its recovery variable:

(b)

- α = φ + T u(G − ϑG )u(K − ϑK ) + Dα 4α − α/τα ,
D
- % = φ − %/τ% .
D

(c)

Somitogenesis then takes place when a sufficiently
strong (> αlwb ) segmentation wave passes through unsegmented tissue (S = 0) in which both the anterior
and posterior morphogen concentrations are below their
thresholds (Rupb , Cupb ):
- S = κS S(1 − S)
D

+u(α − αlwb )u(Rupb − R)u(Cupb − C).

Our next task is to differentiate imaginal disks identifying locations where legs could be attached or grown
near the middle of opposite surfaces of each somite (vertebral segment).
When a sufficiently high segmentation signal (α >
αlwb ) passes through a somite region with high caudal
morphogen (Cupb > C > 0.8Cupb ), then the posteriorborder marker concentration P saturates (Fig. 4(a)):

(d)
Fig. 4. Morphogens controlling imaginal disk placement. (a) Concentration of
posterior-border marker. (b) Concentration of anterior-border marker. (c) Concentrations of anterior-border morphogen (orange), posterior-border morphogen (turquoise), and imaginal-disk marker
(small red lines). (d) Composite image
showing dominant concentrations in each
region.

- P = κP SP (1−P )+u(0.95Cupb −C)+u(C−0.8Cupb )u(α−αlwb )−P/τP .
D
Likewise, when a sufficiently high segmentation signal passes through a somite region with
appropriate rostral morphogen concentration (0.5Rupb > R > 0.25Rupb ), then the anterior-border
marker concentration A saturates (Fig. 4(b)):
- A = κA SA(1 − A) + u(0.5Rupb − R) + u(R − 0.25Rupb )u(α − αlwb ) − A/τA .
D
1

That is, u(x) = 0 for x ≤ 0 and u(x) = 1 for x > 0.
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Next, the anterior- and posterior-border morphogens saturate in somite regions where the corresponding marker concentrations are above threshold (Fig. 4(c)):
- a = κa Su(A − ϑA )(1 − a) − a/τa .
D
- p = κp Su(P − ϑP )(1 − p) − p/τp .
D
Between the a and p morphogens we can determine the middle region of each somite, but we want
the imaginal disks to be on the exterior surfaces of the somites. Our approach to doing this is
straight-forward, but whereas all of the preceding equations work in three dimensions as well as
in two, the algorithm we present here is limited to two dimensions. The approach is to detect
the exterior boundary of a somite by a decrease in somite density S, which is a kind of inverse
quorum-sensing. This is easily implemented by diffusion, but here we express it in a simpler way. If
γ is a small Gaussian kernel, then the convolution γ ⊗ S is the average somite density in a region.
Next define a quantity that indicates the exterior of a somite:
E = u(Supb − γ ⊗ S).
That is, E = 1 where the average somite density is less than Supb . Finally, imaginal disk density
I saturates in the edges (E = 1) of the mid regions (aupb > a > alwb , pupb > p > plwb ) of the
somites (S > 0):
- I = u(a − alwb )u(aupb − a)u(p − plwb )u(pupb − p)ES(1 − I).
D

5

Conclusions

We have discussed the problem of assembling complex physical systems that are structured from
the nanoscale up through the macroscale, and have argued that embryological morphogenesis provides a good model of how this can be accomplished. Morphogenesis (whether natural or artificial)
is an example of embodied computation, which exploits physical processes for computational ends,
or performs computations for their physical effects. Examples of embodied computation in natural
morphogenesis can be found at many levels, from allosteric proteins, which perform simple embodied computations, up through cells, which act to create tissues with specific patterns, compositions,
and forms. We outlined a notation for describing morphogenetic programs and illustrated its use
with two examples: simple diffusion and the assembly of a simple spine with attachment points for
legs. While much research remains to be done — at the simulation level before we attempt physical
implementations — our results to date show how we may implement the fundamental processes of
morphogenesis as a practical application of embodied computation at the nano and microscale.
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Abstract
When imagining alternative futures for the field of economics, it’s standard to ignore even the
most sophisticated forms of socialism; e.g., even modern computational socialist economic calculation (MCSEC), as propounded by Cockshott et al. For example, in his influential tome
Machine Dreams, economist Philip Mirowski elegantly recounts the old-century socialist calculation debate, but then later presents the reader with five possible futures for computational
economics. Nowhere in the quintet is there even a scintilla about computational socialism.
Given recent fiscal crises across the globe, and responses that at least seem aligned with elements of socialist calculation (e.g., nationalization of bankrupt car manufacturers by the U.S.
government), leaving computational socialism wholly out of envisioned futures seems unfair.
On the other hand, when MCSEC is admitted to the debate, it soon can be proved that under
plausible premises, MCSEC is only to be taken seriously if the concept of computation at its
heart includes hyper computation. Since the human race has yet to figure out how to harness
hypercomputation for infusion in AI systems, the “original” Austrians (e.g., Mises and Hayek)
will continue to carry the day into the foreseeable future, and hence today’s haphazard attempts
on the part of governments to manually achieve top-down control aren’t aligned with a viable
paradigm that has a future.
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1

Introduction

Socialist economic calculation (SEC) is the calculation of costs and benefits in the absence of
markets for consumer goods. There has been ongoing debate about the relevance of SEC as a
useful economic theory that might serve as the basis for setting economic policy. SEC was tried,
in some form, by the former Soviet Union. Though this attempt is agreed by all to have been an
abject failure, modern proponents of SEC see the cause of this failure to be that modern highspeed computers, and suitable algorithms implemented on them and networks connecting them,
were not in place in the USSR. In the U.S., on the other hand, it may not be implausible to regard
the increasing role of governments in even “free-market” economies to be relevant to this debate.
For example, the U.S. government has recently nationalized entire industries. Moreover, modern
“computational” socialists would doubtless point to the recent global economic crisis, and continued
fallout from it, to indicate that capitalism hasn’t won.
Along with the debate of whether SEC made prudent economic policy, there also arose another
related debate around the start of the 20th century: the “socialist calculation debate,” or just
SCD: a debate regarding whether SEC is theoretically possible, and if so, whether it’s feasible as
well. This debate raged in the 1930’s, and has recently begun to heat back up again, in connection
with modern information-processing models and technology; hence we refer to modern socialist
economic calculation, or just ‘MSEC’ for short. This paper explores the socialist calculation debate,
arguing that the interest and energy dedicated to it on the part of some economists and other
academics warrant MSEC as a possible future for computational economics: an add-on, if you will,
to Mirowski’s futures. However, we also put forth an argument from plausible premises that MSEC
as a Turing-level process is either logically impossible or intractable. This makes MSEC largely an
otiose academic enterprise, giving no real practicable future.
We begin by defining science from a computational perspective, and then briefly review the
quintet of computational futures proposed by Mirowski in light of this perspective, noting the
exclusion of the work by those currently exploring MSEC. Following this summary, we provide a
brief description of the current state of the work by the computational socialists. We intend the
work outlined in this compendium to serve as sufficient justification for its inclusion among any
authoritative scholarly list of possible futures for computational economics. Then, we develop an
argument for why modern socialist economic calculation, as a Turing-level process, is uncomputable.
The argument is principally based on two ideas: First, current attempts to plan the economy based
on simplistic models generally lack the sophistication to fully reflect supply and demand forces at
play in an economy, and whenever such models are enhanced to account for these forces, they are
uncomputable. Second, certain aspects of human economic activity (most prominently: innovation),
in the general case, necessarily require hypercomputation; therefore, any attempt to model and
control them top-down computationally in the general case would require hypercomputation. Since
harnessable hypercomputation is not available at present, and may in fact never be available,
MSEC has, again, only academic value. Lastly, we offer some final thoughts on an augmented set
of possible futures for computational economics that includes SEC.

2

Formal Science Framework

From the standpoint of AI and computer science, the goal of a rational scientific enterprise is
finding models from data, where these models accurately describe underlying reality. Formal and
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computational study of the scientific process has been carried out; we call such the formal science
of science.1 An introduction to a particularly promising and AI-relevant computational science of
science can be found in (Jain, Osherson, Royer & Sharma 1999).
Most formal studies of the science of science are based on language identification (for an introduction see (Jain et al. 1999)). In this paradigm, reality (or a specific phenomenon within reality)
is modeled using formal languages. Different realities correspond to different formal languages. A
language L is a set of finite strings from a finite alphabet Σ, i.e., L ⊆ Σ∗ .
A scientist F is given strings from reality, i.e., an unknown language Lt , and produces hypotheses
in the attempt to identify Lt . We take F to be a function SEQ → N, where SEQ is the set
of sequences of strings that can be obtained from the world. F’s output is a natural number
corresponding to a partial-recursive function in a programming system ν. F encodes a language L
by the natural number i that is the ν program accepting L. F is provided with an enumeration of
Lt , one element at a time. After receiving each element, F may posit a conjecture as to the identity
of Lt .
Logic-based framework: This recursion-theoretic framework lacks a few aspects ubiquitous
in science. Significantly, there is no provision for a proof or justification of a conjectured hypothesis.
In our improved framework, a scientist at time τ tests whether each conjecture χ follows Φ ∪ Ψ(τ )
as confirmed by some proof P; here Φ is some underlying formal theory and Ψ(τ ) is experimental
evidence up to time τ . If the answer is in the affirmative, χ is added to the knowledge-base Γ for
the science in question, and the scientist produces a predictor machine M encoding Γ and its proof
calculus such that if Γ ∪ Ψ(τ ) ` Ψ(τ 0 ), then M(hΨ(τ ), τ 0 i) = Ψ(τ 0 ); for prediction we are interested
only in τ 0 > τ . The process continues until the point the scientist produces a proof Pf inal that Γ
satisfactorily describes the phenomenon under study.
For simplicity, we leave aside the non-deductive case in which χ is for example implied by
Φ ∪ Ψ(τ ) according to some inferential machinery in inductive logic (which includes probability
theory; e.g., see (Skyrms 1999)). We assume that any non-deductive reasoning that needs to be
carried out is done through an encoding in a suitably expressive deductive calculus.
Formal Economics: In our declarative science-of-economics framework, scientist Fecon produces an information-processing machine Mecon , that takes Ψ(τ ), a list of prior states of a relevant
market, and answers whether a certain future state-of-affairs Ψ(τ 0 ) will or will not obtain (or
whether such a state-of-affairs is possible in the future, etc.), and produces a proof supporting its
answer. We assume the basic economic theory Φecon is very expressive, in order to account for basic
arithmetic; agents; agent beliefs, actions, goals, percepts; times; events; etc.; more about a calculus
up to this representational demand below.
In our framework, Fecon plays the role of an AI practitioner who develops agent-based systems
that play the role of Mecon . AI-oriented logics for handling events, actions, beliefs, and times are
available; for example, there is the Cognitive Event Calculus (CEC) (Arkoudas & Bringsjord
2009).

3

Mirowski’s Futures

Mirowski describes five mutually exclusive possible futures for the dominant computational neoclassical economics of today. He objects to the first four (he finds the first two utterly unacceptable),
but enthusiastically seeks the fifth. He has admitted that Machine Dreams is a sustained argument
1

Please note that we say formal. For an introduction to philosophy of science from a formalist, see (Carnap 1995).
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that the fifth future, which is based directly on von Neumann’s desire to express economics in terms
of automata theory, is to be preferred. Briefly, the futures are as follows. We take the liberty of
using our own mnemonic labels.

3.1

Minimalist

This future, which Mirowski calls “Judd’s Revenge” in a nod at economist Judd’s (Judd 1997),
steadfastly follows the path of current neoclassical computational economics. Put in terms that
Mirowski uses, for Judd (Judd 1997), computers function as mere calculators aiding economists in
paper-and-pencil analytic work. According to Judd, “the clear implication of standard economic
theory is that the computational modes of theoretical analysis will become more common, dominating theorem-proving in many cases” (Judd 1997, p. 939). Judd’s position is that economics will
remain firmly divorced from any influence from what Mirowski calls the “cyborg sciences,” which
include most prominently the intertwined trio of formal computer science, AI, and computational
cognitive science. In a twist that is ironic given our own emphasis on automated theorem proving in
the form of computational economics we recommend, here is Judd writing about changes wrought
by the computer:
In the recent past, the theorem-proving mode of theoretical analysis [in economics] was the
efficient method; computers were far less powerful and computational methods far less efficient.
That is all changing rapidly. In many cases the cost of computation is dropping rapidly relative
to the human cost of theorem-proving . . . (our emphasis)

Judd seems unaware of the fact that computers have long been able to prove theorems on their
own. When Judd uses the phrase ‘theorem proving,’ he uses it to pick out the proving of theorems
by humans only.
Connecting back to the framework given above, and roughly, Fecon does not place much emphasis
on evidential data Ψecon . Though most conjectures χ are derived from Φecon with a proof P, this
mode of operation gets replaced by computational analysis C, with P being replaced by the weaker
C. Another feature of Φecon here is that it has no consideration of the theory of computation, though
computations in the form of C play a central role in this process. There is also no consideration
of the cognition of economic agents, and agents are tacitly assumed to be information theoretic in
nature.

3.2

Learned-but-Unrealistic

Mirowski’s label here is “Lewis Redux.” This is a brand of computational economics which, according to Mirowski, arises from the branch of extant economics that unwisely refuses to steer away
from information-processing that is Turing-uncomputable or intractable. Mirowski assumes that
the second any notion of undecidability appears, AI technology must scamper away. He for example
repeatedly cites the results of (Lewis 1992) to point out that there are uncomputable problems that
crop up in economics if you are not careful.2 And he firmly casts aside forms of computational
economics that are undeterred by such results, in favor, as we shall momentarily see, of an approach
that explicitly takes account of the Chomsky Hierarchy and complexity measures.
2

Formal economists, and specifically computational economists, have long known that at least intractability is
impossible to avoid in modeling a competitive economy; see (Arrow & Debreu 1954).
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This future is the same as Judd’s revenge except that Φecon has considerations for the theory
of computation, Φcomp ⊂ Φecon , and avoids issuing conjectures χ that in general make Mecon
uncomputable. Though there are elements of recursion theory in Φecon , there is still no notion of
any cognition in it, and agents are assumed to be recursion-theoretic or complexity-theoretic in
nature.

3.3

Simulation-Based

The label Mirowski uses in this case is “Simulatin’ Simon,” intended to point to Herbert Simon.
Mirowski writes:
Simon’s quest is to avoid explicit consideration of the formal theory of computation and instead
to build computer simulations of economic and mental phenomena, largely avoiding prior neoclassical models. It cannot be chalked up to convenience or incapacity on his part, because it is
the outcome of a principled stance predicated on his belief in bounded rationality: there is only
a certain “middle range” of observed phenomena of a particular complexity that is even possible
for us mere mortals to comprehend; and since reality is modular, we might as well simulate
these accessible discrete subsystems. (Mirowski 2002, p. 534)

Mirowski tells us that the fatal flaw in the simulation-based approach is a flaw that many in finance
and economics routinely voice today: viz., that simulations are painfully informal, wholly divorced
from proof and analytic methods, and therefore in the end emit no verdicts that can be trusted and
acted upon. In fact, the central flaw afflicting cognitive-computational economics is in Mirowski’s
view so clear and so devastating that it can very nearly be proved that this approach is untenable.
He writes:
But the bedrock objection [to simulation-based computational economics] can be stated with
brutal simplicity: how likely is it that any economists will ever make any real or lasting contribution to cognitive science? And let’s be clear about this: we are talking here about people
trained in the standard graduate economics curriculum. I have repeatedly posed this question
to all types of audiences, running the gamut of all . . . and not once have I ever encountered
someone who was willing to testify in favor of the brave prospect of economists as the budding
cognitive scientists of tomorrow. As they say in the math biz, QED. (Mirowski 2002, p. 535)

In this future, computability theory disappears from Φecon , but some cognitive science exists
in Φecon . There is no explicit notion of a formal theory Φecon . This future also does away with
P and relies mainly on computer simulations C in agreement with experimental data Ψ(τ ). The
simulation C then becomes the predictor Mecon for future data Φ(τ 0 ).

3.4

Cognitive

About what he dubs “Dennett’s Dangerous Idea,” Mirowski disparagingly writes that one “starts
out with what she considers to be a plausible characterization of the cognitive states of the agent,
usually co-opted from some recent enthusiasm in a trendy corner of current artificial intelligence,
and rejoices to find out that neoclassical results can be obtained from a machinelike elaboration of
agent states, perhaps with a dollop of ‘evolution’ thrown into the pot.” (Mirowski 2002, p. 534)
Here Φecon is based heavily on evolutionary cognitive science and the idea that economic activity
is optimization of some sort. In this scenario, Ψ is mostly theorems from the first future rather
than experimental data. Mecon is made up of artificial agents.
4
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3.5

Hierarchical Multiple-Market

This future, dubbed “Vending von Neumann,” is based on two ideas. The first is von Neumann’s dream of a formal, computational theory of social institutions. The second, contributed
by Mirowski, is to modify this dream by making institutions markets, in such a way that all
AI-ish/cognitive nuances of individual agents are left aside in favor of work at a higher level of abstraction. For a concrete example of this approach see Mirowski’s own (Mirowski & Somefun 1998).
Φecon here reduces to a computational theory of markets. Mecon corresponds to the automaton
for a particular market, and P consists of the proof used to produce Mecon based on the rules of
the market, and is almost definitional in nature. This future assumes that cognitive states of agents
are irrelevant, as the rules of the market dictate its macro-evolution to a large extent.

4

Modern Computational Socialism

Mirowski’s list conspicuously leaves out any future associated with socialist economic calculation,
whether in the old or modern form. In fact, one might conclude from this list that socialist economic
calculation is dead. But is that an accurate conclusion? The answer is an emphatic, “No.” As
we have said, the debate raged in the 1930’s, and has recently begun to heat back up again, in
connection with modern information-processing models and technology. This section summarizes
the work addressing the notion of SEC and MSEC, and serves as the basis for our claim that this
approach should be considered a possible future for computational economics.
In 1908, Enrico Barone (1908) argued that, at least in principle, a socialist economy can do as
well as a capitalist one, because prices are merely the solution to a set of equations; whether these
equations are solved by the government or the market is irrelevant. This argument was supported
by Otto Neurath, who, in 1919, asserted that since the U.S. economy was performing well in WWI,
maybe socialism is better, after all!
In 1920, however, Ludwig von Mises articulated a counter-argument (Mises 1920). In this paper,
Von Mises asserted that SEC is literally impossible. Friedrich Hayek followed von Mises by asserting
the SEC as intractable (Spurgeon 1931, Hayek 1905). In 1933, Dickinson (1933) cast another vote
in favor of the feasibility of the SEC, asserting that prices could be formed by industry managers
by a process he characterized as “successive approximation.” Although the author considered
their task difficult, he considered it nonetheless tractable, facilitated by the fact that the managers
controlled the levers of production for all goods and services in the economy, re-allocating capital
and adjusting prices as conditions warranted.
The claims and counter-claims above summarize the state of SCD as of 1945, after which there
was a period of relative quiet on the subject. However, in 1980, a renewed interest in the subject
was catalyzed by (Nove 1983), in which the author argued that the SEC was, by its very nature, a
dauntingly complex calculation, made that way by the persistent scarcity of resources. Such scarcity
implied re-allocation of resources from the production of one good to another, and had complex
implications for input/output calculations. Contrary to Marx’s utopian society of superabundance
where substitutions were not necessary, Nove’s more realistic vision of a socialist society based on
scarcity implied SEC would take millions of years to complete, even with the world’s best computers.
However, Cottrell and Cockshott, in a number of papers published in the early 1990s, including
(Cockshott 1990, Cottrell, Cockshott & Michaelson 2009a, Brewster 2004) advanced the opposite
claim: that MSEC is indeed tractable. They attempted to support their argument with output
from a simulation program that iteratively solved a system of linear equations. This program, or
5
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more precisely the algorithm (S, let us dub it), was claimed to represent MSEC for a sample set
of resources and desired output levels, and to show that MSEC is indeed not only theoretically
possible, but real-world feasible.

5

Objection 1: Facing Up To Hayekian Complexity

The previous section provided a brief, roughly chronological account of SCD over the course of the
last century. Its brevity, however, belies a profound, fundamental divide between two sides locked
in deep disagreement that has both technical and philosophical dimensions. The technical dimension springs from the question of whether a government can plan its economy. The philosophical
dimension, however, generated by the question of whether a government should plan its economy.
Victory in the technical debate is critical for modern computational socialists. Without it, their
philosophical argument becomes moot. It is with this in mind that Cottrell and Cockshott 1) assert
that a government can in fact plan an economy, and 2) provide the algorithm S to demonstrate
such planning.
This section shows how fastidious and rigorous modeling of economic problems could lead to
hypercomputation. Towards this end, we look at a simple whole-economy planning scenario considered by Cottrell and Cockshott; we briefly review their algorithm S for whole-economy planning,
and explain how it over-simplifies MSEC. Then we look at a scenario involving modeling only part
of part of an economy: deterrence within the retail market, using as a case study a chain-store-vsentrants game introduced by Selten. An extensive and rigorous modeling even in this small scenario
might be hypercomputational.
We end by outlining criteria which dictate how one ought to choose between competing scientific
theories.

5.1

On Complexity of Top Down Whole Economy Planning

The Cottrell example models the economy as a system of linear equations defining input-output
relationships. Each equation defines the linear combination of volumes and unit prices of input
resources required for some combination of unit price and volume of a particular output good.
Given target outputs for a set of desired goods by the planner, this system of equations is processed
iteratively until the difference between successive approximate solutions falls within a pre-specified
tolerance, at which point equilibrium is reached, and the system of equations is considered solved.
In an effort to demonstrate computational tractability, this example was implemented by them on
a modest workstation in approximately 68 cpu time seconds for a basket of 1 million goods. In
their view, this example shows not only that an economy is theoretically computable, but tractable
as well.
Unfortunately, this example blatantly over-simplifies the problem. Let Γsec-linear be a hypothetical economic theory which justifies their assertion that a system of linear equations adequately
models an economy. Cottrell and Cockshott do not exhibit Γsec-linear . In fact, we shall see through
a simple theoretical example that it’s false that a system of linear equations adequately models an
economy.
Suppose a very simple economy in which citizens only require two goods to survive: chicken
and beef. Suppose further that only one type of input good was required to produce both of these
outputs: grain. Let a and b, where a >> b, be the the number of bushels of grain required to
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produce one pound of beef and chicken, respectively. In other words, beef is pound-for-pound more
costly than chicken. But under the current climate, crop yield, etc., the citizenry show a penchant
for beef over chicken. Further, let’s assume that the economic planner notices this preference, and
draws up a list of required outputs of beef and chicken based on this observation, and then executes
the Cottrell/Cockshott algorithm S to solve the system of linear equations for the proper allocation
of resources. Now suppose, however, there is a catastrophic drought which decimates crops and
makes grain a very scarce resource.
This scenario will have one of two possible results, depending on the approach by the central
planner. If the planner does not allow the prices of inputs and outputs to float freely, economic
chaos ensues, caused by shortages of the grain needed to meet the stipulated beef and chicken
production requirements. The planners will be forced to recalculate the algorithm because it
doesn’t account for changing supply constraints or supply-vs-demand profiles. In fact, they will be
forced to recalculate every time there’s a change in either of these because such an algorithm doesn’t
address these relationships. As a result, this model would require constant tweaking, re-working,
and re-execution as the central planner’s a priori estimates for production are found to be off the
mark.
The other possibility is that the central planner allows the prices of grain, beef, and chicken to
float freely based on the law of supply and demand. New equilibrium supply and demand levels
will be reached based on price signals that guide the production and consumption in the market.
That is, grain producers will expand operations to alleviate the shortage, and consumers will begin
substituting less costly chicken for beef. This much-improved scenario, however, constitutes a
surrender by the central planner in his attempt to control the economy and resist the “invisible
hand.”
This simple example illustrates the inadequacy of the algorithm proposed by Cottrell and Cockshott. If there’s a computational algorithm upon which an economy can be planned, their model
is not the correct one. This leads us to consider the free market as a basis for any computational
model, since it more completely entails all issues necessary in determining equilibrium outputs and
prices.
We anticipate that modern computational socialists will simply bite the bullet and bravely
proclaim that continuous recalibration, fed somehow by vast, distributed data collection technology,
is computationally feasible. This move feels like nothing more than financial fideism. After all, S
itself has no provision for the processes and sensors that would need to be in place for this dream.
A more detailed analysis should make plain the blind faith of those who cling to MSEC.

5.2

On Modeling a Part of the Economy: The Chain Store Paradox

In the paragraphs that follow, as we said, we focus on one particular aspect of the free retail market,
and an attempt to model it — using the famous Chain Store Paradox (CSP). As we shall see, any
serious attempt to model this phenomenon in fine-grained fashion is uncomputable, leading us to
the conclusion that any attempt to model an economy necessarily introduces the possibility of
intractability.
CSP focuses on the competitive behavior of a large company, (i.e., chain store), and that of a
set of potential entrants as they each determine their own optimal strategy. Developed by Reinhard
Selten (1978), Nobel laureate in economics, its intention is to highlight apparent contradictions that
exist when deciding business strategy. It realistically models the competitive environment faced by
large corporations such as Wal-Mart, McDonalds, or Microsoft, and smaller companies that might
7
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choose to compete with them. The game here is an n-stage, n + 1 one, in which the n + 1th player
is our chain store (CS), and the remaining players are the potential entrants E1 , E2 , . . . , En . At
stage k, Ek considers the outcomes for the prior k − 1 stages, and chooses between two actions:
Stay Out or Enter. If entrant Ek chooses Stay Out, Ek receives a payoff of c, while CS receives
a payoff of a. If, however, Ek chooses Enter, CS has two options: Fight or Acquiesce. In the
case where CS fights, CS and Ek receive a benefit of d. In the case of acquiescence, both receive b.
Values are constrained by a > b > c > d.
Why is CSP considered a paradox? First, consider that a contradiction can be produced when
a conclusion deduced from one body of declarative knowledge, or axiom set, directly contradicts
one deduced from another body of declarative knowledge, where both bodies of knowledge are
independently plausible to a very high degree. In light of this broad delineation, we present the
rationale for two opposing conclusions about the correct decision for a potential entrant in the CSP
based on two different sets of axioms.
First, we have the following definition and theorem. (In the interest of economy, we provide
only a proof sketch here, and likewise for the theorem thereafter for deterrence.)
————
Definition (GT-Rationality): We say that an agent is GT-rational if it knows all the axioms of standard
game theory, and all its actions abide by these axioms.
Theorem(GT-Rationality Implies Enter & Acquiesce): In a chain-store game, a GT-rational entrant Ek
will always opt for Enter, and a GT-rational chain store CS will always opt for Acquiesce in response.
Proof-Sketch: Selten’s original strategy was “backward induction,” which essentially runs as follows when
starting with the “endpoint” of 20 as he did. Set k = 20. If E20 chooses Enter and CS Fight, then CS
receives 0. If, on the other hand, CS chooses Acquiesce, CS gets 2. Ergo, by GT-rationality, CS must choose
Acquiesce. Given the common-knowledge supposition in the theorem, E20 knows that CS is rational and will
acquiesce. Hence E20 enters because he receives 2 (rather than 1). But now E19 will know the reasoning and
analysis just given from E20 ’s perspective, and so will as a GT-rational agent opt herself for Enter. But then
parallel reasoning works for E18 , E17 , . . . , E1 .
————

Next, we consider another set of axioms by which we deduce the opposite conclusion. This one
better models decisions made in actual markets, since people are actually inclined to fight those
who seek to enter — real-world corporate behavior bears this out. This reasoning is based on a
principle of deterrence, and uses forward induction.
————
Definition (Perception; m-Learning; Two-Option Rationality): Agent α1 is perceptive if whenever an
agent α2 performs some action, α1 is aware of that action. Agent α is an m-learner if, when it sees agents
perform some action A m times, in each case in exactly the same circumstances, it will believe that all agents
into the future will perform A in these circumstances. An agent is two-option-rational if and only if when
faced exclusively with two mutually exclusive options A1 and A2, where the payoff for the first is greater
than the second, that agent will select A1.
Theorem (Rationality of Deterrence from CS): Suppose we have a chain-store game based on n perceptive
agents, each of whom are m-learners. Then after m stages of a chain-store game in which each potential
entrant seeks to enter and CS fights, the game will continue indefinitely under the pattern of Stay Out.

8
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Proof-Sketch: The argument is by induction on N (natural numbers). Given the antecedents of the theorem, at stage m + 1 all future potential entrants will believe entering will result in a payoff of 0 since they
will believe that CS will always fight. Since these agents are two-option-rational, they will, therefore, always
choose Stay Out.
————

The two theorems above constitute the so-called Chain Store Paradox. Such a paradox can be
resolved if one of the two bodies of knowledge is affirmed while the other is rejected. However,
regardless of which body of knowledge one prefers over the other, neither may not be computable
based on the following reasoning:
The backward induction and deterrence theorems given above can be proved using high-expressive
logics. For example, it is possible to prove a version of both the induction and deterrence theorems
using the “cognitive event calculus” (CEP) invented by Arkoudas & Bringsjord (2009), which allows
for epistemic operators to apply to sub-formulas in full-blown quantified modal logic, in which the
event calculus is encoded, for candidate axioms in this direction see Figure 1. However, any agent
that is able to determine in the arbitrary case whether some proposition holds in CEP is capable
of hypercomputation and therefore, any computational model that attempts to model the agent is
not computable. In theoretical computer science and logic, on the other hand, the various versions
of the chain store game have involved only exceedingly simple formalizations of what agents know
and believe, and of how these beliefs change over time. For example, in standard axioms used in
game theory in standard textbooks such as (Osborne & Rubinstein 1994), knowledge is represented
as a simple function, rather than as an operator that can range over expressive formulas. The same
holds true in economics. Yet, the computational complexity for deciding whether to Enter or Stay
Out based on deterrence or induction is still minimally at the level of Σ1 .
Based on the reasoning given above, any attempt to model an entire economy containing retail
will likely include some element that necessarily models the CSP in order to arrive at the equilibrium price and output of some good. Unfortunately, such elements are not computable, and we
must therefore conclude that the entire model is not computable, as a result. And furthermore,
any attempt to plan an economy as a Turing-level process based on such a model will also be
uncomputable.

5.3

Choosing between theories: Complexity vs. Power

One might support non-hypercomputational theories by invoking the Occam’s Razor principle that
simpler theories or models are to be preferred given everything else remains the same. Occam’s
Razor does not apply here: If different models explain and model different amounts of experimental
data, then Occam’s Razor cannot be applied. When one encounters this situation in the real world,
for example in the physical sciences, the more powerful model is always chosen: consider Newtonian
mechanics vs. relativistic mechanics.
We can cast this in terms of our formal SoS framework. Assume that the economic data, Ψ to
be explained are composed of smaller units of data (e.g., data at different time points, data from
different regions etc.) Ψ = {Ψ(1), . . . , Ψ(τ )}. Let Γsec be the economic theory produced by MSEC.
Let there be a rival version (which may or may not be hypercomputational) labeled Γriv-sec .
Let Γsec ` Ψ1 , Γsec ` Ψ2 , . . ., Γsec ` Ψm , i.e., the theory Γsec accounts only and for all datapoints Ψsec = {Ψ1 , ..., Ψm }. Also, let Γriv-sec ` Ψ1 , Γriv-sec ` Ψ2 , . . ., Γriv-sec ` Ψn , i.e., the theory
Γriv-sec accounts only and for all data-points Ψriv-sec = {Ψ1 , ..., Ψn }. Assume that there is some
9
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Figure 1: CSP Axioms
Toward Formal Modeling of the CSP: Possible Axioms
The logical vocabulary: plans(a, α, t) indicate that a plans to perform an action α at a time t, and does(a, α, t)
that a actually does. act(a) and react(a) denote a’s turn in the game and the chain store’s immediately
following turn, respectively.
Agents can plan multiple action types at the same moment, but only one action can happen based on
some priority. For the chain store, the fight action has higher priority than the coop or acquiesce action. An
action performed by an agent must have been planned by the agent.
γplan : ∀ a, α, t [does(a, α, t) → plans(a, α, t)]

(1)

Planning Axioms for the Chain Store: The planning axioms for the chain store are assumed to be
common knowledge; there are two axioms for each action type of the chain store. The following axiom says
that it’s common knowledge that if the chain store plans to fight against an entrant, then the chain store
believes that the total payoﬀ gained if the chain store fights against this entrant is greater than the total
payout gained by coöperating with this agent. A similar axiom governs acquiescence.

γcs-plan





 
: C ∀ e 


plans(cs , fight(e), react(e)) →
�
�
paytot (e, fight(e)) > 
B cs ,
paytot (e, coop(e))

(2)

Planning Axioms for the Entrants: It is assumed that it is common knowledge that if an entrant
plans to enter, then it believes that the chain store will coöperate with them.
� �
��
plans(e, enter , act(e)) →
γent-plan : C ∀ e
(3)
B(e, plans(cs , fight(e), react(e)))
Rationality Axioms for the Chain Store: In order to obtain the backward induction (BI) behavior,
we assume all agents have common knowledge of rationality. (Aumann 1995) shows that if in games of
perfect information common knowledge of rationality is present, the BI argument holds in that game. We
assume that it is common knowledge that the chain store is a rational planner (but not necessarily a rational
actor; and hence is defined in terms of plans rather than does). It is common knowledge that if all later
entrants have planned to enter, the total payout for the chain store is better if it coöperates with the current
entrant. There is one such axiom for each entrant. The following axiom is about the chain store’s rationality
for the first entrant when there are only three entrants in the game.


plans(e2 , enter , act(e2 )) ∧
 plans(e , enter , act(e )) ∧ 


3
3
�
�
γcs-rat : C 
(4)
 pay (e , fight(e )) > 
tot 1
1


paytot (e1 , coop(e1 ))
1

measure,References
|•|, on theories which measures their complexity.3
ThereAumann,
are sixR.possible
in Table
5.3 ifofwerationality’,
assume that
Ψsec ⊆ Ψriv-sec
J. (1995),scenarios
‘Backward summarized
induction and common
knowledge
Gameseither
and Economic
8(1), 6–19.
or Ψriv-sec ⊆Behavior
Ψsec . The
theory that is to be chosen based on the situation is given in the table.
|Γriv-sec | > |Γsec |
|Γriv-sec | < |Γsec |

m>n

m<n

m=n

Γsec
Γsec

Γriv-sec
Γriv-sec

Γsec
Γriv-sec

1

Our arguments in the planning scenario and the chain-store case assert that |Γriv-sec | > |Γsec |
and m < n. Then by Table 5.3 one ought to choose Γriv-sec . In particular we argue that Γriv-sec is
3

Selecting such a measure as riv is a trivial task. For a discussion of such measures, consult (Jain et al. 1999) and
(Hutter 2005).
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hypercomputational.

6

Objection 2: The Challenge from Innovation

As today’s proponents of socialist calculation have themselves conceded,4 from a scholarly point of
view it’s more than defensible to view the chief objection against MSEC from the Austrian school
to be that such calculation cannot factor in innovation, and hence such calculation is immediately
seen to be incomplete. The objection here has an undeniable ring of truth about it. After all,
innovation is by definition to do something not mechanically derivable from antecedents — which
in turn would certainly seem to make innovation impossible to plan. Think back to the dirtsimple algorithm S offered by the proponents of MSEC. This algorithm is conspicuously devoid
of innovation, or of provision therefor. And yet the very heart of free-market economies is their
innovation and entrepreneurship; and technology commercialization that flows therefrom. Odds
are very good that sitting there with you now, Reader, is a digital device (currently picked out by
such phrases as ‘your super-smartphone’) that was utterly absent from the world scene not long
ago; yet now, courtesy of remarkable innovation, this class of device has created wealth and weal
of staggering proportions. How, pray tell, can a socialist planner run an algorithm that regulates
an economy whose main cornerstone is precisely this kind of sudden and momentous innovation?
Do what you want in planning the prices and wages associated with the manufacture of, say, steel
(and the processing of beef and chicken), you will take not even a toddler’s weak step toward taking
top-down account of what innovative software invention and engineering will do for the world in the
future. And yet consider all those brilliant minds out there striving for sudden software innovation
that takes the world by storm; why are they expending all the effort it costs them to so strive? The
answer is that that they expect to be handsomely rewarded, above and beyond any legislated level,
if they sufficiently innovate, and commercialize. This is what free-market capitalism is all about.
The “entrepreneurial thing” is the thing.
What response is offered by modern computational socialists to the innovation challenge? Here
is the best that we have been able to dig up, from (Cottrell et al. 2009b, p. 7):
In any system, what is needed is some mechanism for exploring options “in the neighborhood of”
the current input-output matrix that are rendered feasible by scientific advances (or, in some
cases, just by leaps of the imagination). This inevitably involves experimentation, trial and
error, and so on. This task is beyond the scope of the Lange/Dickinson mechanism, just as it is
beyond the scope of the “standard” process of market equilibration (migration of capital from
low-profit fields to high-profit fields). Creating an effective mechanism for this job is non-trivial.
Cottrell and Cockshott (1992) discuss this, suggesting that one would need some kind of agreed
annual innovation budget; that it might be a good idea to have more than one agency in the
business of disbursing resources for innovation experiments — but the issue could stand more
thought.
4

E.g., we read from (Cottrell, Cockshott & Michaelson 2009b, p. 7):
A persistent theme in Austrian economics is that the neoclassical representation of the market system,
with its stress on static allocative efficiency, is misleading and in a sense sells short the virtues of
capitalism. The principal virtue of capitalism, according to the Austrians, is not that it produces an
optimally efficient, perfectly competitive equilibrium with prices everywhere equal to marginal cost, but
that it spawns an effective process of discovery and innovation — the whole “entrepreneurial” thing.
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This is painfully evasive and vague. It is one thing to have the kind of blind faith we alluded
to above (believing that instant, continuous re-calculation on the basis of omniscient knowledge of
the vicissitudes of the world is feasible), but here we seem to be flirting with an appeal to outright
magic. What is said here does nothing to address the plain fact that innovation by definition
can’t be planned. And it specifically does nothing to address the equally plain fact that innovation
is routinely found in the realm of Turing-undecidability, where such directives as the following,
delivered to, say, the Socialist Agency for Innovation Experiments, aren’t exactly helpful.
• “Use some mechanism, please, for exploring options in the neighborhood of the current input-output
matrix.”
• “Please consider using leaps of imagination.”
• “We encourage you to carry out innovation experiments.”

Moreover, under plausible assumptions, it’s possible to prove that MSEC, in the style of Turinglevel algorithms, is impossible as as a route to govern innovation. This is so because the greatest
innovations in the software arena happen in the space of what is Turing-uncomputable.
For a simple example, consider the general dream — driving Yahoo, Google, Microsoft, IBM,
and many others, including countless start-up companies — to allow humans to successfully query
against the so-called “Semantic Web.” If the Semantic Web is viewed as a first-order theory Φ (and
it would at least be a theory at the level of full first-order logic, and indeed inevitably a theory
at the level of quantificational multi-modal logic), then innovations are at this minute, across the
globe in free-market economies, being sought (for the purpose of securing a fortune) to enable a
user to inquire through his computational agent as to whether some proposition hφi, expressed by
some formula φ, can be deduced from Φ.5 Since, as is well-known, theoremhood in first-order logic
and above is Turing-undecidable, innovation here, as a matter of cold, hard mathematics, cannot
be a matter of algorithmic planning in the socialist approach.
The problem here, note, doesn’t in the least require the controversial claim that the innovators
working on this problem are themselves in fact processing information in a manner beyond Turing
machines. The problem is simply that whether or not the innovators’ cognition is hypercomputational in nature, the brute fact is that since such cognition is (if you will) battling mysteriously
against a Turing-uncomputable problem, there is no algorithm to be had in order to put this battle
under the umbrella of MSEC and the likes of S.

7

Futures in Light of Computational Socialism

The historical interest in SEC leads us to believe such interest will continue well into the future.
Therefore, it is our belief that MSEC should be added to any list of possible futures for computational economics. However, we have hopefully convinced the reader that such attempts to
model and/or plan an economy as a Turing-level process are ill-conceived because of the inherent
element of hypercomputation. Simplistic algorithms like S fail to address the unpredictable forces
that steer production in a stable economy; the full profile of supply and demand relationships, and
innovation, are both unconquerable by such algorithms, and the general approach of MSEC that
5

Of course, one can hope the propositional content of the Semantic Web can be expressed in decidable fragments
of first-order logic and beyond, but this is a bit silly, since queries regarding arithmetic seem not only fair game, but
a minor part of what a truly queryable Web should provide.
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they are intended to validate. Even though we may, at times, crave the ability to plan an economy,
particularly after the recent crises in Western market-based economies, theoretical limitations of
such planning should be recognized at the outset; and such planning should be consigned to the
large heap of things like alchemy that seemed to many feasible, but were in the end impossible.
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Tutorial
Experimental Computation
Edwin Beggs∗, José Félix Costa† and John Tucker∗

Part 1: Computability
We begin with the problem raised by Pour-El and Richards thirty years ago on
the computability of the wave equation. We continue by discussing a methodology for analysing experimental computation. As an example we consider something much simpler than the wave equation – a scatter machine. This can be
treated as a physical oracle for a Turing machine. We discuss the accuracy and
time taken for experiments, in particular for two variants for the scatter machine. These variants illustrate different protocols, or interfaces, between the
Turing machine and the experiment.

Part 2: Complexity
We begin by discussing classical complexity theory, non-deterministic complexity theory and non-uniform complexity theory. Continuing our discussion of the
scatter machine as a physical oracle, we see how to code advice functions for
non-uniform complexity theory as physical parameters. We give some axioms
for physical oracles, and give upper and lower bounds on their computational
power.

Part 3: Limits to measurement
Another simple experiment, a collider machine to measure mass, illustrates that
there seem to be natural bounds on the time taken for more and more accurate
measurements in physics. Now we consider the computer as an experimenter,
carrying out automated measurements by using algorithms. We see how this
gives rise to the idea of measurable and non-measurable quantities. We discuss
a completely different machine, the Wheatstone bridge for measuring electrical
resistance, and see that it has fundamentally the same behaviour as the collider.
This, and other thought experiments give rise to a conjecture on the experimental time for measuring physical quantities. If this is combined with probabilistic
oracles, we get a conjecture on the computational power of a Turing machine
with its computational power boosted by experiments.
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Superior Técnico, Lisboa, Portugal. Email: jose.felix.costa@ist.utl.pt

1

Proc-37

Combined P&C2011 / HyperNet11 Proceedings

Interdependency of computational and
dynamical properties of automata collective in
discrete environment
Oleksiy Kurganskyy
Institute of Applied Mathematics and Mechanics,
National Academy of Science of Ukraine,
Roza Luksemburg st., 74, 83114 Donetsk, Ukraine
topologia@mail.ru
http://iamm.ac.donetsk.ua/

Abstract. In this work collectives of interacting stateless automata in a
discrete environment are considered as integral automaton-like computational dynamic objects. For such distributed on an environment objects
different approaches to definition of the measure of state transition are
possible. We propose a space-time geometric approach for defining what
a state is. The measure of state transition of collective we name the
proper time of collective. Some corollaries of the approach about the relationship between computational w (proper time velocity) and dynamic
v (motion velocity) properties of automata collectives in the form of the
time dilation formula, the velocity-addition formula, the length contraction/extension formula, etc. are shown.
Keywords: Collective of automata, cellular automata, finite automata,
special relativity theory, discrete models of physical processes, computer
simulation of the physical world

1

Introduction

Currently there is a great interest in computational models that composed of
underlying regular computational environments and distributed computational
structures built on them. Examples of such models are cellular automata and
space-time crystallography [1]. In this paper we consider a model, where a collective of stateless automata is interacting with an environment defined by a graph.
The main idea of this work is to study a collective of automata as an integral
automaton-like dynamical computational object distributed on an environment.
From the automata theory point of view the fundamental question arises: what
is the state of dispersed and moving on an environment object and how to measure the amount of its state transitions? As opposed to the finite state automata
where the measure of state transition is one state per unit of time, for a computational dynamic object distributed on an environment different approaches
to definition of the measure of state transition are certainly possible. In our
approach we use the following reasoning. First, since each elementary part of a
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stateless automata collective is a stateless automaton it is obvious that the state
of such collective considered as integral object must be defined on the basis of
its geometry in environment. Second, the process of computation in an object is
not possible without any changes in it, and a “change” in an object is a change
of its geometry.
Let us explain it by an example using pawns on a chessboard. The chessboard is provided with a natural reference frame. Suppose that we can move any
pawn one chess square per unit of time in one of four directions: ←, ↑, →, ↓,
i.e. pawn’s velocity is one chess square in a certain direction per unit of time.
Let us compose a figure from the pawns, for example, an “O”-like figure, and
look at them as an integral object. Let us define the velocity of the object on
the chessboard as the average velocity of its pawns. Suppose that the object is
moving at maximal velocity “one chess square per unit of time” in a constant
direction. Can the object be transformed simultaneously with the motion from
“O” to, for example, “T”? It is obvious that it can not. That is, at maximum
constant velocity in the example the object cannot be changed and from our
point of view the object performs no computation. The essence of this reasoning
was taken from [2] and is the basis of our approach to investigation of interdependence between state transition velocity w (computational property) and motion
velocity v (dynamic property) of automata collectives. Note that the letter “O”
of the third chessboard (Fig. 1) differs from the first two. It is not quite correct
example as pawns have two states: black and white. We consider only the case
of stateless pawns.
To emphasize a physical analogy in the proposed model and the problem
statement we use the word “body” as alias for “collective of automata” for
short. This work develops [3–5].

Fig. 1. A chessboard with pawns
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3

Definitions

The computational model used in this study consists of two main components:
an underlying environment G that is represented by a graph and a set of stateless
automata interacting with the environment.
The environment G is an infinite or finite directed graph defined as follows.
Let D be a finite set that we call the set of directions numbered by integers from
1 to |D|. We associate with each arc in the graph a direction from D. For each
arc e = (v0 , v1 ) there exists an arc e0 = (v1 , v2 ) of the same direction. All arcs
ending in the same vertex have different directions. All arcs that start in the
same vertex have different directions. If different arcs e and e0 end in the same
vertex we will say that they are intersecting arcs. The neighborhood of an arc e
is understood to be the set of all e intersecting arcs.
Let the graph G be embedded in an n-dimensional affine metric space E as
1
follows. Each arc is a line segment of length n+1
. Adjacent arcs of the same
direction lie on the same line. Thus the set of directions D takes on the meaning
of the set of n-dimensional vectors in E. We call the set of vectors D the set of
actual spatial directions. Let us fix the origin of the space E so that it coincides
with some vertex of the graph. Thus, each vertex and each point of the arcs
get an n-dimensional coordinate in the space E. The space E is said to be
absolute, and the coordinates in it absolute spatial coordinates. Three examples
of environment are shown in Fig. 2, 3, 4.

Fig. 2. Fragment of 1-dimensional environment, D = {1, 2}.

Fig. 3. Fragment of 2-dimensional environment, D = {1, 2, 3}.
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Fig. 4. Fragment of 2-dimensional environment, D = {1, 2, 3, 4}.

As usual, let A = (SA , IA , OA , δA , λA ) be a Mealy automaton, where SA , IA
and OA are the sets of states, input symbols, and output symbols, respectively,
and δA : SA × IA → SA and λA : SA × IA → OA are transition function and
function of outputs respectively. We consider only stateless Mealy automata.
The set of states of a stateless automaton consists of a single state, so there is no
sense in mentioning its transition function and its set of states. Thus we write
A = (IA , OA , λA ) instead of A = (SA , IA , OA , δA , λA ). Within the framework
of this article for reasons of consistency of latter definitions we name a stateless Mealy automaton an elementary body, and we name its unique state as the
internal state. The elementary bodies will be denoted by lowercase letters, for example, b = (Ib , Ob , λb ). We assume also that elementary bodies are coloured in a
way that isomorphic automata will have the same colour and non-isomorphic automata will have different colours. We assume that r different colours numbered
from 1 to r are used. Every integral moment of time t, that we call absolute, any
elementary body b is located on an arc b(t) of the environment G. The input
for an elementary body b is the ordered set {pij }1≤i≤|D|,1≤j≤r ∈ Ib called the
neighbourhood state of the arc b(t), where pij are the number of all elementary
bodies of the colour j located on the arc of direction i that ends in the same
vertex as b(t) at the moment of time t, 1 ≤ i ≤ |D|, 1 ≤ j ≤ r. The definition
does not imply that the input set is finite. We have done nothing to circumvent
this problem but we can simply assume that elementary bodies interact in such
a way that the set of all possible input symbols can only be finite. The output
of an elementary body is a direction from D. If the output of an elementary
body b at a moment of time t is the direction i and the arc b(t) ends in the
vertex x, then at the next moment of time the arc b(t + 1) starts from x and
has direction i. If the arcs b(t) and b(t + 1) are of the same direction we say
that b does not change its external state at the moment of time t. Otherwise we
say that b changes its external state. If b does not change its external state we
also say that b moves rectilinearly. Additionally we assume that each elementary
body can not change its external state if all intersecting arcs are empty, that
is, the interaction between elementary bodies occurs only by collisions in the
vertices of the environment (compare with the notion of vacuum state in [1]).
The elementary bodies can be seen as analogues of signals propagating in the

Proc-41

Combined P&C2011 / HyperNet11 Proceedings

Computational and dynamical properties of automata collective

5

causal network [1]. Propagation of signals in [1] depends on the functions in the
nodes of a causal network, in our model it depends on the output functions λ of
elementary bodies, i.e., on the properties of “signal”.
Let us represent discrete dynamics of elementary bodies in the graph G by
the continuous dynamics in E as follows. Let b be at an integral moment of time
t on the arc b(t) = (v0 , v1 ). Let the n-dimensional absolute spatial coordinates
of the vertices v0 and v1 be x0 and x1 , respectively. Then the elementary body
b at time t + λ, 0 ≤ λ < 1, has the absolute spatial coordinate x0 + (x1 − x0 ) · λ.
We denote by xb (t) the absolute spatial coordinate of b at time t.
We denote by τb = τb (t) a measure of external state transition of b until the
moment of time t. By definition, if the elementary body b moved rectilinearly
from a moment of time t1 to t2 , then τb (t1 ) = τb (t2 ). Definition of functional
behavior of τb when b moves nonrectilinearly requires additional considerations
that we provide below.
We call τ = τb (t) and wb (t) = τb (t + 1) − τb (t) the proper time of b and the
proper time velocity of b respectively. We call wb (t) uniform proper time velocity
if wb (t) is a constant. We denote by vb (t) = xb (t + 1) − xb (t) the absolute spatial
velocity of b at the moment of time t. We call it uniform spatial velocity if vb (t)
is a constant.
We call the pair of a space coordinate x and a time coordinate t as (spatialtime) coordinate in the absolute reference frame O. We shall call O the event
space as well.
In addition to absolute reference frame O we introduce the notion of absolute
actual reference frame Q as follows. Let X be the set of spatial coordinates of
all vertices of graph G. We construct a graph GT with the set of vertices X × Z
such that there exists an arc from a vertex (x1 , t1 ) to a vertex (x2 , t2 ) if and only
if the arc (x1 , x2 ) belongs to the graph G and t2 = t1 + 1. Thus, the dynamics
of an elementary body in the O is the dynamics on the graph GT . Let the set
of actual spatial directions D be the set of vectors {1, 2, . . . , m} in the space E.
1
Let us denote ei = (i, n+1
), i ∈ D, 1 ≤ i ≤ m, where n is the dimension of E.
We call the ordered set {ei |1 ≤ i ≤ m} the set of actual space-time directions,
or simply the set of actual directions.
Lemma 1. Let an elementary body b be in the origin of space E at the time
0. Then a space-time coordinate (xb (t), t) of b at a moment of time t can be
represented as a linear combination of actual directions.
Proof. The proof is obvious because elementary body moves only in actual directions in the event space O.
The definitions do not imply the linear independence of actual directions. But
we say that the coefficients of linear combination of actual directions that forms
a vector (xb (t), t) are coordinates of (xb (t), t) in the absolute actual reference
frame Q. By definition, we assume that the dimensions of linear spaces O and
Q are equal.
Let us proceed to considering the collectives of elementary bodies.
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Definition 1. A body is an arbitrary finite set of elementary bodies.
According to the defintion different bodies may have common parts and one
body can contain another body as a subset. If an elementary body belongs to a
body then we will consider it as an elementary part of the body. An elementary
body can be an elementary part of different bodies simultaneously.
Let a body B consist of k elementary bodies enumerated by {1, 2, . . . , k}.
Then the absolute (average) coordinate of the body B at time t is the value
k (t)
xB (t) = x1 (t)+...+x
and absolute spatial velocity of B at time t is the value
k
vB (t) = xB (t + 1) − xB (t). It follows from the definitions that the maximum
modulus of spatial velocity of the bodies is 1.

3

External state

A body interacting with other bodies influences them and is also under their
influence. It is quite natural to describe such influences on the basis of the
notion of a state of a body. The definition of the external state of a body,
that generalises the notion of the external state of elementary body, takes into
consideration the relative position of its elementary parts in the environment.
The changes of relative position of elementary parts in a body can affect the
whole body or its part. This motivates the question how to measure the amount
of state transition. Let us denote by τ = τB (t) the measure of external state
transition of a body B with the flow of absolute time t. We call τ = τB (t) the
proper time of B and wB (t) = τB (t + 1) − τB (t) the velocity of the proper time
of B.
Definition 2. For any body B wB (t) = 0 ⇔ ∀b∈B wb (t) = 0
It follows that a body B does not change its external state if all its elementary
parts do not change external states. It means that two bodies are at the same
external state in the environment if one of them can be transformed into another
by straight-line shifts on the equal number of steps applied to all its elementary
parts in direction corresponding to their external states.
Note that the definition does not forbid a situation when the body has zero
absolute spatial velocity and zero absolute proper time velocity simultaneously.
Theorem 1. For any body B, if |vB (t)| = 1 then wB (t) = 0.
Proof. The statement follows from the fact that any change of the external state
of a body is not possible in case of maximal spatial velocity of all its elementary
parts.
We have defined the meaning of two bodies being in the same external state,
rather than what the external state of a body in fact is. The notion of the external
state can be generally defined as follows: since the relation “to be in the same
external state” is an equivalence relation, the external states are equivalence
classes of this relation.
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Internal state

The notion of external state of a body allows to start considering the bodies as an
automata-like model of algorithms. It is natural to ask a functional equivalence
of different bodies for example something like automata isomorphism in the
finite automata theory. But because two bodies with different absolute spatial
velocities are definitely in different external states we can not compare them
functionally. For example there is no sense to “ask” a body to determine its
absolute spatial velocity. However we would like to identify two bodies as the
same algorithm even if they move with different spatial velocities. It will be
achieved by introduction of affine isomorphism of bodies through definition of
inertial reference frame associated with a body so that the external state of a
body will be presented as a pair of components: spatial velocity of the body and
its internal state. An example of inertial reference frame is the absolute reference
frame O associated with an immovable body B such that for all t xB (t) = 0,
vB (t) = 0, wB (t) = 1, τB (0) = 0, and, hence, τB (t) = t.
Let us denote (for a pair of bodies A and B) by xAB (τB ), vAB (τB ), wAB (τB )
and τAB (τB ) the coordinate, the spatial velocity, the proper time velocity and
the proper time of the body A at the moment of time τB in the reference frame
OB associated with the body B, respectively. By definition we assume that
xBB (τB ) ≡ 0, vBB (τB ) ≡ 0, wBB (τB ) ≡ 1 and τBB (τB ) = τB .
Definition 3. A body B is called an inertial body if vB (t) and wB (t) are both
constants.
For the sake of simplicity we shall only consider the case of inertial bodies.
Definition 4. A reference frame associated with an inertial body will be called
an inertial reference frame.
The only restriction imposed on the inertial reference frames is the property
that space-time coordinates of same events in different inertial reference frames
are connected by affine transformation. It follows that a body that is inertial
in the absolute inertial reference frame is inertial in any other inertial reference
frame.
For any bodies A and B let us denote by LBA : OB → OA the affine mapping
that connects OB and OA such that each event (x, τB ) in OB coincides with the
event LBA (x, τB ) in OA . Without loss of generality we assume that the origins
of both reference frames OA and OB are the same: xBA (0) = 0 and τBA (0) = 0.
Then the mapping LBA is linear.
Lemma 2. The actual directions {ei |1 ≤ i ≤ m} are eigenvectors of the mapping LBA .
Proof. The directions of the vectors {ei |1 ≤ i ≤ m} correspond to the only possible “real” motion directions of elementary bodies going from a graph vertex
that coincide with the reference frame origin and they do not depend on reference frames. It follows that the actual directions are invariant by any affine
transformation of reference frames.
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In the following we demonstrate that the number m of actual space-time
directions is equal to the dimension n+1 of the event space O. Till then we choose
n + 1 linearly independent actual space-time directions and further we consider
only the arcs in the graph that correspond to these directions. A fragment of a
suitable 1-dimensional environment is shown in Fig. 2. A fragment of an suitable
2-dimensional environment is shown in Fig. 3.
We use the coordinates (λ1 , λ2 , . . . , λn+1 ) in the reference frame Q along with
the coordinates (x1 , . . . , xn , t) in the reference frame O. Let us donote by QA the
actual reference frame associated with the body A. An example for 1-dimensional
environment is shown in Fig 5.

Fig. 5. It is shown 1-dimensional environment, 2-dimensional reference frame O with
coordinate system (x, t), 2-dimensional actual reference frame Q with coordinate system (λ1 , λ2 ). We assume that the point A has the O-coordinate (0,1) and Q-coordinate
(1, 1).

Let MA : QA → OA be the mapping that connects QA and OA such that
any event (λ1 , . . . , λn+1 ) in OA coincides with the event M (λ1 , . . . , λn+1 ) in OA .
We assume by definition that MA = MB for any bodies A and B. Similarly,
let ΛBA : QB → QA be the mapping that connects QB and QA . Because the
actual directions are basis vectors in Q, the matrix of the transformation ΛAB
is diagonal. From the definitions follows
Theorem 2. LBA = M · ΛBA · M −1 .
Now, to uniquely determine the state transition measure τBA it is sufficient to determine M and ΛBA . By definition we assume that the coordinate
(x1 , . . . , xn , τA ) = (0, 0, . . . , 0, 1) in the frame OA coincides with the coordinate
(λ1 , λ2 , .P
. . , λn+1 ) = (1, 1, . . . , 1) in the reference frame QA . It means that we
1
) in the reference frame O, i ∈ D. And we
assume i∈D i = 0 and ei = (i, n+1
assume that ei and ej are orthogonal for i 6= j. Thus, the transformations M ,
ΛBA and LBA are uniquely defined and we have completely defined the measure
of the external state transition in the absolute reference frame and in the inertial
reference frames as well.
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From the fact that the transformation matrix ΛBA is diagonal it follows that
the number of eigenvectors LBA is exactly equal to n + 1, and therefore the
following theorem holds.
Theorem 3. For the existence of affine transformations connecting inertial reference frames it is necessary that the number of actual directions is equal to n+1.
Corollary 1. For the existence of affine transformations connecting inertial reference frames it is necessary that the outdegree of each vertex in G is equal to
n + 1.
Now we give a definition of the internal state of a body. Let there be a
bijection φ : A → B for bodies A and B such that for all b ∈ A elementary bodies
b and φ(b) are isomorphic. We say that A at the moment of proper time τA and
B at the moment of proper time τB are affine isomorphic iff {(φ(b), xbA (τA )|b ∈
A}={(b, xbB (τB )|b ∈ B}.
Definition 5. Two inertial bodies are in the same internal state at some moments of their proper time iff they are affine isomorphic at their respective proper
time.
Internal state of an inertial body does not depend on its spatial velocity in the
absolute reference frame. Thus, the external state of an inertial body can be
seen as a combination of two components: the spatial velocity of the body and
its internal state. Because the spatial velocity of inertial bodies is constant, then
by definition we can state that the measure of external state transition and the
measure of internal state transition are the same.
We consider collectives of stateless automata as integral automaton-like computational objects. By analogy with Turing machines, which can answer certain
questions about properties of words on the tapes, natural questions arise for
these objects, such as what properties of the environment and other objects in
it they can identify. One of the interesting seemingly natural questions is what
can a body say about its own absolute velocity? Another interesting question is
what can a body say about the velocity of its elementary parts? Can it “perceive” any changes in velocity of elementary parts it consists of? We answer the
questions as follows. If we consider the body as an automata-like computational
structure, whose states are defined as the internal states, the question whether a
body can determine its own absolute velocity is by definition an algorithmically
unsolvable problem. If body states are by definiton the external states, then
the same question has no substance, since the external state always contains
information about the absolute velocity. The answer of the questions about the
velocity of elementary parts is based on the concept of relativity in Poincaré’s
interpretation [2]. In explanation of how to generally understand the relativity
Poincaré begins with an example of resizing of dimensions in the Universe by
the same number of times and proceeds with considering arbitrary deformations
concluding that they should be unnoticed by any observer because his standards
are subject to the same deformations. This reasoning holds also for our similar
question.
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An example of 1-dimensional environment

Let us consider the example of the 1-dimensional environmentµin Fig. 2 with
¶ the
1/2 −1/2
reference frames as shown in Fig 5. It is obvious that M =
and
1/2 1/2
µ
¶
µ
¶
µ λ1 +λ2 λ1 −λ2 ¶
11
λ1 0
2
2
. Let ΛBA be equal
, then LBA = λ1 −λ
M −1 =
.
2 λ1 +λ2
−1 1
0 λ2
2
2
µ
¶ µ
¶
x (τ (τ ))
xBA (τA )
Since LBA · BB BA A
=
, xBA (τA ) = vBA (τA )·τA , τBA (τA ) =
τBA (τA )
τA
µ ¶ µ
¶
0
vBA /wBA
wBA (τA ) · τA , xBB (τB ) ≡ 0, then LBA ·
=
. From it follows
1
1/wBA
Theorem 4. For any inertial bodies A and B it holds
µ
¶
1/wBA vBA /wBA
LBA =
.
vBA /wBA 1/wBA

The following corollaries hold for any intertial bodies A, B, C.
2
2
Corollary 2. It holds vAB = −vBA and wAB · wBA = 1 − vAB
= 1 − vBA
.
µ
¶
10
Proof. The equalities can be derived from LAB · LBA =
.
01

Corollary 3. (velocity-addition formula) vCA =

vBA +vCB
1+vBA vCB .

Proof. This velocity-addition formula is derived from the equation LCA = LBA ·
LCB .
Corollary 4. (“length contraction/extension” formula) Given inertial bodies A,
B and C such that vAC = vBC . Let ∆x = |xAA (τA ) − xBA (τA )| be the distance
between A and B in the reference frame OA . Let ∆x0 = |xAC (τC ) − xBC (τC )| be
the distance between A and B in the reference frame OC , then ∆x0 = wCA · ∆x.
Proof. Notice that the values of ∆x and ∆x0 are constants. Without loss of
generality we assume τAC (0) = τBC (0) = 0, xAC (0) = 0, vAC ≥ 0, xBA ≥ 0.
Then xBA (τA ) ≡ ∆x and xBC (0) = ∆x0 . Let τA be such a moment of time
that the events (xBC (0), 0) = (∆x0 , 0) and (xBA (τA ), τA ) = (∆x, τA ) are the
0
same. µ
Then ¶
the formula
µ
¶ ∆x = wCA · ∆x of “length contraction” follows from
0
∆x
∆x
LCA ·
=
and Theorem 4.
0
τA

As it will be seen, from the example at the end of this section, wCA may take
on a value which is less than 1 as well as more than 1. So it means that in our
discrete model we have contracting length as well as extending length in respect
to different inertial frame system.
The following two examples illustrate some of introduced definitions. Any
elementary body in both examples changes its external state if and only if intersecting arc is not empty. From it follows that all elemantary bodies are automata
isomorphic. We assume that all elementary bodies in each example are enumerated by integer numbers.
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Fig. 6. Distances between two bodies A and B in Corollary 4

Example 1. At time t = 0 the elementary body with the number i, i ∈ Z, has
the coordinate xi = i + 21 . If i is even then vi = 1, else vi = −1. We define the
body A1 as the set A1 = {−3, −2, −1, 0, 1, 2} (see Fig. 7).

Fig. 7. Dynamics of elementary bodies from the Example 1

Example 2. At time t ¥= ¦0 the elementary body with the number i, i ∈ Z, has
the coordinate xi = 4 3i + (i mod 3) + 12 . If i ≡ 1 mod 3 then vi = −1, else
vi = 1. In this example we define the body A2 = {−3, −2, −1, 0, 1, 2}.

The bodies A1 and A2 are affine isomorphic. The corresponding transformation of the reference frame O2 of A2 to O1 of A1 is:
µ 0¶ µ 3 1 ¶µ ¶ µ 3 ¶
x
x
= 12 23
− 43 .
t0
t
2 2
4

The dynamics of the bodies and illustration of the transformation are shown
on the Figure 8. From the value of transformation matrix and Corollary 2 it
follows that v21 = −v12 = 1/3, w21 = 2/3, w12 = 4/3.

6

Final Remarks

Let us compare the obtained results with formulas of special relativity theory.
It is interesting to have a look, from our model viewpoint, at two equations
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Fig. 8. The time-space diagrams for the collectives of automata from Examples 1 and 2.

p
p
∆t0 = ∆t/ 1 − (v/c)2 of time dilation and ∆x0 = ∆x · 1 − (v/c)2 of length
contraction of the special relativity theory. Drawing a proper analogy between
them and τAC (τC ) − τAC (0) = wAC · τC and ∆x0 = wCA · ∆x (Corollary 4)
respectively we can see, due to generally asymmetry
wAC 6= wCA in our discrete
p
virtual “world”, that the coefficient 1/γ = 1 − (v/c)2 reciprocal to Lorentz
factor γ has different “physical” meanings in these formulas. The factor 1/γ
has in the first equations a meaning of the coefficient wAC and in the second
equations has a meaning of the coefficient wCA if we consider a “moving” A with
respect to a “rest” C.
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Abstract. We investigate the relationship between computation and
spacetime structure, focussing on the role of closed timelike curves (CTCs)
in promoting computational speedup. We note first that CTC traversal
can be interpreted in two distinct ways, depending on ones understanding
of spacetime. Focussing on one interpretation leads us to develop a toy
universe in which no CTC can be traversed more than once, whence no
computational speedup is possible. Focussing on the second (and more
standard) interpretation leads to the surprising conclusion that CTCs
act as perfect information repositories: just as black holes have entropy,
so do CTCs. If we also assume that P 6= NP, we find that all observers
agree that, even if unbounded time travel existed in their youth, this capability eventually vanishes as they grow older. Thus the computational
assumption P 6= NP is also an assumption concerning cosmological structure.

1

Introduction

In the presence of spacetime curvature, the run-time of a program typically
depends on who does the observing; the time registered by a clock co-moving
with a computational system may differ from that registered by an observer
watching the system from elsewhere. The existence of such discrepancies lies at
the heart of relativistic hypercomputation schemes using e.g. Malament-Hogarth
spacetimes [Hog04], slow Kerr black holes [O’N95,EN02] and closed timelike
curves [ANS11]. These schemes indicate that cosmological anomalies allow the
resolution of formally undecidable problems, so it seems not unlikely that they
would also allow problems in NP\P (if any) to be solved in polynomial time. We
investigate in this paper whether this is necessarily the case.
Suppose, then, that we live in a universe which contains closed timelike curves
(CTCs). An observer who traverses a CTC considers himself to be doing nothing
out of the ordinary; he travels forward in time as usual, never exceeding lightspeed, but eventually finds himself at a point in spacetime he has already visited
previously. In a sense, then, the observer has “travelled into the past”, but it is
important to note that at no time does he violate any physical laws as viewed
from his own co-moving frame of reference, nor does he consider himself to be
moving “backwards in time”. He is simply following a path through spacetime
that happens to include a loop.
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Given the capability of time travel, a simple argument then suggests that P
= NP. For suppose A is a deterministic program for solving some problem in
NP, and construct the algorithm A0 in Fig. 1.

0
1
2
3

output v
start A and let it run to completion
let v be the result generated by A
send v back to time 0

Fig. 1. Algorithm A0 exploits time travel to solve in constant time the same problem
that A solves in super-polynomial time.

Although A0 may run for some considerable time, the observer always obtains
the required output at step 0. The total runtime of A0 may be superpolynomial,
since it includes step 1 (running A) but nonetheless the result is produced at
step 0, and in this sense A0 can be said to solve the problem in a fixed amount
of time. Since A0 is deterministic and solves in constant time the same problem
as A, that problem must be in P, whence (loosely speaking) P = NP.
Unfortunately, this apparently simple argument is logically incomplete, since
it relies on unstated assumptions concerning the nature of CTCs, and these
assumptions need not be generally valid. There are two essentially distinct ways
in which CTCs might be exploited to implement computational speed-up. In the
absence (so far) of experimental data confirming the existence of CTCs and the
experiences of observers traversing them, the viability of these two computational
schemes depends upon ones philosophical interpretation of relativity theory. In
this paper we focus on one of these approaches; nonetheless we briefly discuss
the consequences of choosing the other interpretation in Sec. 3.

2

CTC Computation

Consider the following science-fiction cliché: a historian wants to make a clandestine visit to Ancient Rome, so he selects a suitable CTC and sets off on his
journey. He makes detailed notes of Julius Cæsar’s activities, and then returns to
exactly the point in time and space from which he originally set off, so that his
unauthorised absence cannot be detected. He repeats the same deception several
days running. Using the information in his notes, he then writes an important
academic paper and becomes famous.
Although this kind of story is familiar from science fiction, it requires a
particular interpretation of what it means for a body to move in space and time.
For consider what happens when the historian ‘returns to the present’. At this
point in the journey, he occupies exactly the same position in time and space
as when he originally set off on his journey – but he is not constrained to repeat
the same behaviour, for rather than repeating the journey to Ancient Rome, he
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chooses instead to write an academic paper. Moreover, since he occupies the
same spacetime position at both points on his journey, and his notepad is in his
pocket both times, its contents should be the same both times – but it contains
notes when he returns which were not present when he set off.
At first sight this seems to suggest a fundamental logical inconsistency, leading to the conclusion that this kind of CTC exploitation is impossible. But there
is in fact no contradiction present, provided we think of spacetime as a surface
across which bodies move. The fact that a body can occupy a given position
more than once, and be in different states each time, is hardly surprising given
this interpretation; it is no different to a racing driver completing several laps
of a Grand Prix, and then deciding on the next lap that he needs to take a pit
stop so that his tyres can be replaced. He may pass through the same positions
on the track several times, but he is not thereby constrained to repeat the same
behaviour each time.
From the historian’s point of view too there is no contradiction, because we
have to ask ourselves in what sense has he travelled back in time? Certainly, he
cannot have done so relative to his own clock, because he considers himself to
be moving always forwards in time at sublight speeds. His judgment I am in
Ancient Rome must therefore have been made relative to evidence provided by
some independent witness (for example, he could ask a local trader what year it
is, and whether the person standing in front of them is indeed Julius Cæsar). It
is entirely possible, of course, that the witness might observe multiple copies of
the historian, but this is not contradictory either, for each copy is in a different
state (when asked how old he is, each copy of the historian will give a different
answer). From the viewpoint of the witness, the various copies of the historian
are distinct objects, and there is no sense in which the historian is observed in
different places at the same time.
Thus, neither the witness nor the historian observes anything contradictory
as a result of his re-occupying a point in spacetime without being constrained
to repeat the same behaviour. By the same argument, a computer can be sent
around a CTC several times without its computation being forced to loop, so we
could run a program for as long as we like simply by traversing a 5-second CTC as
often as we like. If we arrange for the machine to produce some observable output
if it halts (e.g. by printing a result) we can always decide after 5 seconds whether
the program has halted, and if so what its result is, simply by checking the printer
(which need not be on the CTC). Thus, not only does hypercomputation seem
to be possible in this senario, but all problems in NP can apparently be solved
deterministically in constant time, whence P = NP.
This argument is, however, logically flawed, for although a CTC returns an
observer to an earlier point on his worldline, it does not follow that he can traverse
the CTC a second time, as we now show.
2.1

Single-traversible CTCs

In this section we introduce a crossed-ribbon toy spacetime that includes a single
inhabited CTC. It is impossible for any massive body in this model to traverse
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more than one CTC, and no CTC can ever be traversed more than once. Our
crossed-ribbon universe is in some respects non-standard (but we will nonetheless
argue that it is a reasonable model).
Our description of the crossed-ribbon universe is in three stages. First we
construct a standard (1 + 1)-dimensional spacetime (M ); then we describe the
crossed-ribbon (Ribbon); and then we populate Ribbon with bodies and consider
their worldlines. Finally, we argue that M can be populated with bodies in such
a way that observations in M and Ribbon are indistinguishable. Since M gives
an inherently acceptable description of spacetime, it follows that Ribbon is also
an observationally reasonable model.
Construction of M . Following Andréka and her colleagues [Szé09,AMN07]
we assume that spacetime is coordinatized by an ordered Euclidean field Q. Our
starting point is a ribbon-shaped manifold, M = (−α, α) × Q, where α ∈ Q (Fig.
2). We regard this as a (1+1)-dimensional Minkowskian spacetime of infinite
length and width 2α, with time flowing along the length of the ribbon, and
space across its width. If we take Q = R, then α should be finite, but for more
general coordinatizations this need not be the case: for example, if Q contains
infinitesimals, α could be an infinite value in Q.
Construction of Ribbon. We now imagine wrapping M around in 3-dimensional
space so that it self-intersects at right-angles. We identify the overlapping regions, and call the resulting manifold Ribbon (Fig. 2).

Fig. 2. The (1 + 1)-dimensional manifold M , and the immersed manifold Ribbon generated by looping M in such a way that it self-intersects at right-angles.
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Worldlines in Ribbon. The manifold M is a standard (1 + 1)-dimensional
spacetime model, and we can populate it with bodies in the usual way. As usual,
we shall assume for convenience that time flows up the page, and define as an allowable worldline any path followed by a body that always travels at subluminal
speed. Given any such worldline w in M , we define w0 to be its image in Ribbon.
We then reflect the worldline back into M . In other words, we determine what
other bodies would need to be present in M , and following what worldlines, if
a body following w is to observe exactly the same series of events as a body
moving along the corresponding path w0 in Ribbon (Fig. 3).

Fig. 3. Schematic showing how a worldline w0 in Ribbon corresponds to three intersecting worldlines in M .

2.2

Is Ribbon a reasonable model of spacetime?

Clearly, any body following w0 will encounter itself twice (once each time it
crosses the self-intersection region), but it is important to realise that on each
occasion the body considers its other incarnation to be travelling faster than
light (FTL), because of the way Ribbon intersects itself at right angles (which
ensures that the time and space axes have been interchanged when the body
encounters its past self). Reflecting this back into the original manifold M , the
body traversing w meets two FTL versions of itself as it moves along its worldline.
The paths followed by these FTL bodies are fully determined once w is specified.
Apart from the existence of bodies apparently moving at FTL speeds relative
to one another, there is nothing unusual about this three-body version of M ,
and indeed FTL motion has long been a research topic in cosmological theory
[MTY88,GD00,Sch10]. We therefore claim that populating M with these additional FTL bodies yields an entirely reasonable (toy) universe. By construction,
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however, the flow of events observed by the body following w0 in Ribbon is identical to the flow observed by the body following w in the three-body variant of
M , whence Ribbon must also be a reasonable (toy) universe.
2.3

Existence of single-traversable CTCs

The significance of Ribbon lies in the nature of the path w0 . Since this path
includes a self-intersection, it implements a CTC. But as we have noted above,
when the body meets its former self, its time and space axes have been interchanged, and it considers its past self to be travelling at FTL speeds. In order to
re-traverse the CTC it would need to complete the ‘90 degree turn’ at the point
of intersection, and this would violate our presupposition that a body following
a CTC always considers itself to be obeying physical laws and travelling slower
than light.
Thus Ribbon provides an example of a toy spacetime containing just one
inhabited CTC (since Ribbon only contains one body), where this CTC cannot
be traversed a second time.1 As explained above, this undermines the argument
that the existence of CTCs is sufficient, in itself, to ensure the existence of
computational speed-up and hypercomputation. If we wish to deduce that CTCs
move all problems (if any) in NP\P into P, we need to impose the additional
condition that at least one CTC is multiply-traversable.

3

Discussion

We have described an interpretation of CTC traversal in which spacetime exists
as an independent entity across which bodies move subject to various laws;
a body could potentially pass through a given location several times without
being constrained to display identical behaviour subsequently. An alternative
viewpoint is that a point in spacetime is fully defined by the set of bodies that
exist there [AMNS11]. According to this viewpoint, when the historian returns
to the present, he has no choice but to re-traverse the CTC back to Ancient
Rome. Since he occupies the same location in spacetime as his past self, he is
his past self and must behave accordingly. Similarly, since his notes are colocated
with his notepad when he returns from Rome, they must also have been present
before he set off.
3.1

The Entropy of a CTC

This second interpretation severely challenges certain key assumptions of everyday computer science. For simplity let us assume that one program statement
can be executed every second, and that it takes precisely n seconds to traverse
some given CTC exactly once. If we run a program on a computer following
1

We could, of course, add more bodies to the model if we wished, but doing so would
add nothing to our argument.
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this CTC, then once the nth statement has been executed, the entire system will
have returned to its original spacetime location, and so must have returned to
its original state. It follows that no irreversible process can be implemented on
a computer following a CTC. And yet there is no obvious reason we shouldn’t
be able to load our computer with any program we like.
To avoid the apparent contradictions inherent in this situation, we need to
re-appraise the nature of CTC computation. Since reversibility requires that no
information is lost from the system, we have to conclude that when an irreversible
procedure is executed on the computer, the information lost during program
execution must be preserved somehow in the computer’s environment, i.e. the
CTC itself. It is well-known that black holes have an associated entropy [Bek73].
What we are suggesting here is that, given this second interpretation of CTC
traversal, a CTC can also have an associated entropy; indeed CTCs are perfect
information repositories in the sense that information cannot be lost (since it
must be available to re-initialise the computation). It can be argued therefore
that the CTC is an active component in the system which overrides the intended
behaviour of the program, since the computer is forced to return to its initial
state regardless of its underlying specification. Indeed, this can be seen as a
mechanism enforcing the Novikov self-consistency principle [FMN+ 90] in the
context of CTC computation.2
3.2

Single-traversable CTCs and computational speed-up

Given our original interpretation of CTC traversal, Ribbon shows that CTCs
need not be traversable more than once. This second interpretation of CTC
traversal likewise concludes that repeated traversal of a CTC cannot lead to
computational speed-up, because any lengthy computation would be forced to
return to its initialisation state rather than running to completion. The question
remains whether it is possible to use CTCs to speed up computation, where
we voluntarily restrict ourselves to traversing CTCs no more than once. Indeed
such schemes are described in the literature [Bru03], but these schemes make
the additional assumption of causal consistency, using it to deduce that CTCcomputation can solve PSPACE-problems [AW09].
As with CTCs themselves, there is no convincing evidence that causal consistency is experimentally necessary. What, then, can we deduce if we impose
no additional constraints, and simply regard CTCs to be used as an implementation of time travel. As we illustrated in Fig. 1, the availability of time travel
can be used to show that P = NP. But the situation is not entirely clearcut,
because we have assumed in Fig. 1 that information can be sent back to time 0
no matter how long we have to wait for A to complete its execution. But there is
no guarantee that this is the case. For example, suppose the maximum time any
2

Alternatively, one can argue that the information capacity of a CTC is strictly
limited; this ensures that the computer cannot be provided with arbitrarily complex
programs, and those programs cannot be supplied with arbitrarily complex inputs.
Our research into this question is ongoing.
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CTC can take a traveller back is 5 seconds; then as soon as an input is provided
which causes A to run for more than 5 seconds, algorithm A0 will be invalid.
This suggests that, even in the presence of time travel, we cannot necessarily reduce problems in NP\P (if any) to problems in P. For the remainder of
this paper we therefore assume, to the contrary, that P 6= NP and ask what
consequences this assumption entails.
CTCs and P 6= NP. We assume the existence of some arbitrary observer
(typically a computer) O. Given any spacetime location X on O’s worldline,
write X + for the set of timelike paths starting at X that are traversable (in
theory) by observers co-moving with O at X. From O’s viewpoint, these paths
are all future-pointing, and it is possible for O to send information (e.g. by rocket)
along any of these paths without requiring lightspeed or faster-than-light travel.
Some of these paths may intersect O’s worldline at points other than X.
If these points lie to the past of X from O’s point of view, then CTCs are
present, and we can ask to what extent they can be exploited computationally.
For simplicity, we will assume that O can identify whether any given path in X +
leads to a point Y in his past, and can also identify the point Y itself (i.e., how
far back into his past the path takes him). It is extremely unlikely, of course,
that such properties of CTCs would ever be so conveniently decidable.
Write Past(X) for the set of all such points Y , i.e. those points on O’s past
worldline that he can revisit by following paths in X + . For each such intersection
Y , write |X − Y | for the amount of time that originally passed, from O’s point
of view, in travelling from Y to X. In other words, if O chooses to follow the
path in question, how far into his own past will it take him? For simplicity we
shall assume that all durations are measured in seconds.
Given any time t, write X(t) for the point X on O’s worldline that has
time coordinate t as coordinatized by O, and define the set of time differences
available at time t to be the set
D(t) = {|X(t) − Y | : Y ∈ Past(X(t))}
and let
∗

D (t) =

(

sup D(t)
undefined

if D(t) is bounded above
otherwise .

In essence, the function D∗ (t) tells us how far back O can travel into his own
past if he sets off on his journey at time t. If D∗ (t) is undefined, there is no limit
to how far back O can travel. Likewise we write R(t) for the set of past times O
on his own worldline that are reachable by setting off from X(t), and R∗ (t) for
the infimum of these reachable times, i.e.
R(t) = {t − t0 : t0 ∈ D(t)}
and

(
inf R(t)
R (t) =
undefined
∗

if R(t) is bounded below
otherwise .
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We show that when P 6= NP, R∗ (t) (equivalently, D∗ (t)) must be defined for
all sufficiently large t.
Lemma 1. If t0 ≤ t, then R(t) ⊆ R(t0 ).
Proof. Any path in X(t)+ can be prepended by the section of O’s worldline
running between times t0 and t to generate a path in X(t0 )+ .
t
u
Theorem 1. Suppose P 6= NP. Then, for all sufficiently large t, R(t) is bounded
below, and hence R∗ (t) is defined.
Proof. Suppose to the contrary that there exists an unbounded increasing sequence of times t at which R(t) has no lower bound. By Lemma 1, R(t) must be
unbounded below for all t.
Let A be a deterministic algorithm for solving some problem in NP. We use A
to define a new algorithm B to be implemented on a computer co-moving with
O, with the following behaviour (essentially a generalisation of the algorithm
presented in Sect. 1).
Given n, O resets his clock to 0, waits one second and then checks whether
any output has yet been generated. One second later he starts running A(n).
After A(n) has eventually halted at time t (say), B travels back to some T < 0
in R(t), waits until he re-encounters time 0, and then publishes the result in
time for his earlier incarnation to observe it at time 1. As before this implies
that problems in NP can be solved deterministically in constant time, whence P
= NP (contrary to assumption).
Therefore no unbounded increasing sequence of times t exists at which R(t)
is unbounded below, and the result follows.
t
u
Corollary 1. Suppose R∗ (t) is defined, and suppose t0 ∈ (R∗ (t), t]. Then R∗ (t0 )
is also defined, and R∗ (t) = R∗ (t0 ).
Proof. By assumption, t0 > R∗ (t), so since R∗ (t) = inf R(t) there must exist
T ∈ R(t) satisfying t0 > T ≥ R∗ (t). Consequently, O can travel back from X(t)
to arrive back on his past worldline at time T , then wait (if necessary) until
time t0 before setting off on any path in R(t0 ). Thus any past time reachable
by O from X(t0 ) is also reachable from X(t), whence R(t0 ) ⊆ R(t). Since R(t)
is bounded below, the same must be true of R(t0 ), whence R∗ (t0 ) is defined, as
claimed.
Lemma 1 tells us conversely that R(t) ⊆ R(t0 ) (since t0 ≤ t), and combining
the two inclusions gives R(t) = R(t0 ), whence the claim follows.
t
u
What do these simple results tell us? Theorem 1 tells us that, even if an
observer is able to travel arbitrarily far back in time when he is young, he
will eventually lose that capability as he grows older, and his reach into the
past will become finite. Corollary 1 then tells us as he grows older, he loses
access to more and more of his past. This computational assumption seems to
be telling us something also about cosmological structure. The exact nature of
the relationship depends on an analysis of how fast the function R∗ grows, and
remains an open question.
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Decidability, undecidability, and Gödel
incompleteness in relativity theories
H. Andréka, J. X. Madarász, I. Németi

∗

Abstract
In this paper we investigate the logical decidability and undecidability properties of relativity theories. If we include into our theory
the whole theory of the reals, then relativity theory still can be decidable. However, if we actually assume the structure of the quantities
in our models to be the reals, or at least to be Archimedean, then we
get possible predictions in the language of relativity theory which are
independent of ZF set theory.

1

Introduction

In this paper we investigate the logical decidability and undecidability properties of relativity theories. (Relativity comes in many stages, e.g., special,
general, or cosmological relativity.) To this end, we need to recall versions
of relativity theory which are built up in a logical framework, i.e., which are
theories in the sense of mathematical logic. Such are available in the literature, e.g., SpecRel of [2] or [4] or [22], or GenRel of [21] or [3], to mention a
few. We start this paper by recalling such logical forms of relativity theory
(section 2). In section 3 we begin to investigate decidability properties of
versions of relativity theory. We ﬁnd that the answer whether decidable or
not depends on what simplifying assumptions we make. If we make so much
simplifying assumptions that only the spacetime geometry remains, then we
∗
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get a decidable theory. In this “heart” theory, Theory of Everything perhaps
is possible. However, as soon as we do not abstract from everything that is
not geometry, the conclusion of Gödel’s ﬁrst incompleteness theorem applies
to the theory in question. In section 4 we study in what version of special
relativity we have the conclusion of Gödel’s second incompleteness theorem.
In more detail, we discuss the property of a theory T whether consistency of
T , Con(T ), is formalizable in T but not provable from T . All this leads up to
stronger undecidability/ incomputability. In section 5 we see that if we not
only include the theory of real numbers into our relativity theory, but actually
assume that the quantity part of our models is Archimedean (the integers are
coﬁnal in it), then the theory is Π0k hard. Thus requiring the Archimedean
property smuggles in very hard meta-mathematical issues into our formalized
relativity theory which issues probably are irrelevant to the original subject
matter of relativity. An even more serious problem arises. Namely, truth of
some predictions of such a theory is independent of ZF set theory. Thus the
theorems of a formalized relativity theory in which we require the models to
be Archimedean do not depend so much on our original relativity, but rather
they depend on the properties of the set theoretical universe in which we are
doing our mathematics. Independence of set theory motivates our arguing
that relativity theory should not aim for proving/deciding such statements.
In this paper we ﬁx a concrete axiom system for special relativity theory
and we work with that. Most of what we do can be done for other versions
of relativity theory, e.g., for the general theory of relativity, too. For such a
FOL axiom system for general relativity we refer, e.g., to [21] and [3]. In later
work we plan to look into the logical structure of general relativistic spacetimes permitting closed time-like loops which can be regarded as causing a
kind of self-reference such as the ones in Gödel’s incompleteness proof. In
Lewis [10, pp.67-80, pp.212-3] it is pointed out that these causal loops do
not imply logical contradictions or even logical paradoxes. They simply have
more complex logical structures than “linear causation”. We plan to extend
the mathematical logic based approach to further analyzing these and related
possibilities carefully. For beginning we have in mind works like [20], [5].

2

Special relativity as first-order-logic theory

In this section we recall from previous work a speciﬁc ﬁrst-order logic (FOL)
theory for special relativity. We base the rest of the paper on this concrete
theory.

2
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The ﬁrst important decision in writing up an axiom system in FOL is
to choose the vocabulary (set of basic symbols) of our language, i.e., what
objects and relations between them we will use as basic concepts. We will
use the following two-sorted FOL language:
{ B, Ob, Ph, Q, +, ·, W },
where B (bodies) and Q (quantities) are the two sorts, Ob (reference frames,
or observers in other words) and Ph (light signals or photons) are one-place
relation symbols of sort B, + and · are two-place function symbols of sort Q,
and W (the worldview relation) is a 2 + 4-place relation symbol the ﬁrst two
arguments of which are of sort B and the rest are of sort Q.
Atomic formulas Ob(b) and Ph(p) are translated as “b is an observer,”
and “p is a photon,” respectively. We use the worldview relation W to speak
about coordinatization by translating W(o, b, x, y, z, t) as “body o coordinatizes body b at space-time location ⟨x, y, z, t⟩,” (i.e., at space location ⟨x, y, z⟩
and at instant t). Sometimes we use the more picturesque expressions sees
or observes for coordinatizes. However, these “seeing” and “observing” have
nothing to do with visual seeing or observing they only mean associating
coordinate points to bodies.
By this, we ﬁxed the vocabulary of our FOL language, and with this we
ﬁxed the FOL language, too.
Having ﬁxed our language, we now turn to formulating an axiom system
for special relativity in this language. The ﬁrst axiom states some usual
properties of addition + and multiplication · true for real numbers.
AxFd: The quantity part ⟨Q, +, ·⟩ is a Euclidean ﬁeld, i.e., ⟨Q, +, ·⟩ is a ﬁeld
in the sense of abstract algebra, the relation ≤ deﬁned by
d
x ≤ y ⇔ ∃z x + z 2 = y is a linear ordering on Q, and
∀x ∃y x = y 2 ∨ −x = y 2 , i.e., positive elements are squares.

√
We will use 0, 1, −, /,
as derived (i.e., deﬁned) operation symbols. As
2
usual, x denotes x · x. By AxFd we can reason about the Euclidean structure
of a coordinate system the usual way, we can introduce Euclidean distance,
talk about straight lines, etc. In particular, we will use the following notation
for x̄, ȳ ∈ Qn if n ≥ 1:
|x̄| =

√

x21 + . . . + x2n ,

and

def

x̄ − ȳ = ⟨x1 − y1 , . . . , xn − yn ⟩ .

We will also use the following two notations:
3
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def

x̄s = ⟨x1 , x2 , x3 ⟩

and

def

xt = x4

for the space component and the time component of x̄ ∈ Q4 , respectively.
The worldline of a body b according to observer m is deﬁned as follows:
def

wlm (b) = {x̄ : W(m, b, x̄)}.
The worldview of an observer m is then the set of all worldlines of all the
bodies. The rest of our axioms speak about the worldviews of (inertial)
observers.
The next axiom is the key axiom of SpecRel, it has an immediate physical
meaning. This axiom is the outcome of the Michelson-Morley experiment.
AxPh: For any inertial observer, the speed of light is the same everywhere and
in every direction, and it is ﬁnite. Furthermore, it is possible to send
out a light signal in any direction. Formally: ∀m ∃cm ∀x̄ȳ Ob(m) →
(∃p Ph(p) ∧ W(m, p, x̄) ∧ W(m, p, ȳ)) ↔ |ȳs − x̄s | = cm · |yt − xt |.
The next axiom connects the worldviews of diﬀerent observers by saying
that all observers observe the same “external” reality (the same set of events).
Intuitively, by the event occurring for m at x̄, we mean the set of bodies m
def
observes at x̄. Formally: evm (x̄) = {b : W(m, b, x̄)} .
AxEv: All inertial observers coordinatize the same set of events, i.e.,
∀mk Ob(m) ∧ Ob(k) → ∀x̄ ∃ȳ ∀b W(m, b, x̄) ↔ W(k, b, ȳ).
Hereafter, we will use evm (x̄) = evk (ȳ) to abbreviate the subformula
∀b W(m, b, x̄) ↔ W(k, b, ȳ) of AxEv. The two remaining axioms are simplifying ones. We could leave them out without losing the essence of our
theory, only the formalizations of the theorems would become much more
complicated.
AxSf: Any inertial observer sees himself as standing still at the origin:
∀m Ob(m) → (∀x̄ W(m, m, x̄) ↔ x1 = 0 ∧ x2 = 0 ∧ x3 = 0).
The last axiom is a symmetry axiom saying that all observers use the
same units of measurements.

4
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AxSm: Any two observers agree as to the spatial distance between two events
if these two events are simultaneous for both of them; furthermore,
the speed of light is 1 for all observers: ∀mk Ob(m) ∧ Ob(k) →
∀x̄ȳx̄′ ȳ ′ xt = yt ∧ x′t = yt′ ∧ evm (x̄) = evk (x̄′ ) ∧ evm (ȳ) = evk (ȳ ′ ) →
|x̄s − ȳs | = |x̄′s − ȳs′ |, and ∀m Ob(m) → ∃p Ph(p) ∧ W(m, p, 0, 0, 0, 0) ∧
W(m, p, 1, 0, 0, 1).
We introduce an axiom system for special relativity as the collection of
these ﬁve axioms:
def

SpecRel = {AxFd, AxPh, AxEv, AxSf, AxSm}.
More motivation and detail can be found in, e.g., [4],[2],[3]. There we show
that SpecRel is consistent and it captures special relativity theory in the sense
that the so-called world-view transformations are Poincaré transformations.
It is independent, and it forbids faster than light observers but permits faster
than light bodies.

3

Decidability and undecidability, Gödel’s
First Incompleteness in relativity

We now turn to decidability questions. It is known that the FOL theory
of Euclidean geometries (of dimension n) over real-closed ﬁelds is decidable
(a result of Tarski), cf. e.g. Schwabhäuser et al. [19]. Similarly, the FOL
theory of Minkowski geometries (of some ﬁxed dimension n) over real-closed
ﬁelds is also decidable (a result of Goldblatt), cf. Goldblatt [8, Appendix
A, pp.168-169]. This leads naturally to the question whether our relativity
theory SpecRel is decidable or not. We start by recalling some facts from the
literature.
An ordered ﬁeld F is real-closed if it is Euclidean and if every polynomial
of odd degree has zero as a value. This last requirement can be expressed
with the inﬁnite set RC = {ϕ2n+1 : n ∈ ω} of FOL formulas, where ω denotes
the set of non-negative integers and where for every n ∈ ω, ϕn denotes the
following sentence
∀x0 . . . ∀xn ∃y[xn ̸= 0 → (x0 + x1 · y + . . . + xn · y n = 0)].
By a theory we will understand an arbitrary set of FOL formulas, i.e., we
will not assume that it is closed under semantical consequence. We call a theory Th decidable (or undecidable respectively) if the set of all ﬁrst-order logic
5
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semantical consequences of Th is decidable (or undecidable respectively).
(Thus, a one-element theory can be undecidable.) We call Th complete if it
implies either ϕ or ¬ϕ for each FOL formula ϕ (of its language). If Th is a
theory, then Mod(Th) denotes the class of all its models, i.e., all structures of
its language in which Th is valid. If K is a structure or a class of structures,
then Th(K) denotes its FOL-theory, i.e., the set of all FOL-formulas valid
in K. If Th, Th′ are theories, then we write Th + Th′ in place of Th ∪ Th′ .
Similarly if Th′ is just a formula, then Th + Th′ denotes Th ∪ {Th′ }. The
following is known:
(i) The theory RC of real-closed ﬁelds is the FOL-theory of the ﬁeld R of
real numbers, i.e., RC = Th(R). It is decidable and complete.
(ii) The theories of ordered ﬁelds and Euclidean ﬁelds are undecidable. 1
It is conjectured that any ﬁnitely axiomatizable consistent theory of
ordered ﬁelds is undecidable.
Item (i) above is a corollary of Tarski’s famous elimination of quantiﬁers
for real-closed ﬁelds. For more on this subject we refer to the book of van
den Dries [7]. For current research directions in logic started by Gödel’s
incompleteness theorems we refer to Hájek and Pudlák [9].
Now, item (ii) together with the theorem stating that for any Euclidean
ﬁeld F there is a model of SpecRel with F as the ﬁeld reduct ([2, Thm.4])
imply that SpecRel is undecidable. This suggests that if we want to obtain
interesting decision-theoretic results, we have to concentrate on real-closed
ﬁelds (or at least include a decidable theory of ﬁeld-axioms into our theories).
The next theorem says that even SpecRel + RC is undecidable. It is an analog
of Gödel’s ﬁrst incompleteness theorem.
THEOREM 3.1 There is a formula ν (in our FOL-language) such that
(i) ν is consistent with SpecRel + RC,
(ii) ν is hereditarily undecidable in the sense that any consistent theory Th
with Th |= ν is undecidable,
(iii) the conclusion of Gödel’s first incompleteness theorem applies to the
theory Th = SpecRel + ν , i.e. no consistent recursively enumerable
extension of Th is complete; moreover there is an algorithm that to
1

Note that if a finitely (or more generally, recursively) axiomatizable theory is undecidable, then it is not complete.
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each consistent, recursively enumerable extension Th′ of Th yields a
formula ϕ such that Th′ ̸|= ϕ and Th′ ̸|= ¬ϕ.
Proof. The idea of the proof is to interpret Robinson’s Arithmetic into our
theory. We will see that ν will be quite natural: it will state the existence
of a periodically moving body. Consider the following formulas (with free
variables m, b and t):
I(t) := I(m, b, t) := W (m, b, t, 0), and
ν := I(0) ∧ (∀t, s)
([t < 1 ∧ t ̸= 0] → ¬I(t) ∧
t ≥ 0 → [I(t) ↔ I(t + 1)] ∧
[I(t) ∧ I(s)] → [I(t + s) ∧ I(t · s)]).
Add, for a moment, m and b as constants to our language. Then t remains
the only free variable of I which then speciﬁes a subset of the ﬁeld-reduct in
any model: the set of time-points where the observer m sees the body b at
the origin. Now the formula ν requires that this subset behaves like the set
of non-negative integers: it is a discrete periodic subset containing 0, 1 and
closed under +, ·. Since the ﬁeld-reduct of a model is a ﬁeld, then Robinson’s
arithmetic will be true in the ﬁeld-reduct restricted to the subset deﬁned by
I. In other words, I is an interpretation of Robinson’s Arithmetic in Th + ν,
whenever ν is consistent with Th. For deﬁnition of Robinson’s Arithmetic and
(semantical) interpretation see e.g. Monk [12, Def.14.17, Def.11.43]. Thus,
Robinson’s Arithmetic can be interpreted in Th+ν. Then Th+ν is inseparable (which is a strong version of undecidability) by Thm.16.1 and Prop.15.6
in [12]; and thus (ii) and (iii) of our Theorem hold by [12, Thm.s 15.9 and
15.8]. Finally, if we omit the constants m, b, then semantical consequence
does not change, so (ii) and (iii) will hold for the original language (set of
formulas not containing the constants m or b), too (in (iii) a further little
argument is needed).
To show (i), we have to construct a model of SpecRel + RC + ν. This is
not diﬃcult as ν basically states the existence of a periodically moving body;
see Figure 1. Take a “standard” model with minimum set of observers and
photons; and add one periodically moving body. We omit the details of the
deﬁnition of this model. QED
7
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m
b

Figure 1: b is a periodically moving body in m’s world-view.
In many works, special relativity theory is identiﬁed with the theory of
Minkowski geometry and we saw that the theory Th(MG) of Minkowski geometry over real-closed ﬁelds is decidable. Theorem 3.1 above implies that
SpecRel + RC is undecidable. Is then special relativity decidable or undecidable? Theorem 3.1 points in the direction that our relativity theory SpecRel
is essentially richer than the theory of the corresponding Minkowski-style geometries. How much richer? Is there a way of comparing the two theories?
Let us call a model of SpecRel + RC “standard ” if it has only (inertial) observers and photons as bodies, it has one copy of each possible observer, the
world-lines of the photons are straight lines, and of each kind of possible such
photons we have only one. This can be expressed as a set of FOL formulas, see
e.g., the set Comp in [3, sec.2,5]. All of these are natural assumptions, except
for the ﬁrst statement about having only inertial observers and photons as
bodies. This is a real restriction which usually we do not want to make. The
main reason for this is that we can treat accelerated observers in SpecRel if we
do not make this restriction. Treating accelerated observers in SpecRel is important for the transition from special relativity theory to general relativity
theory, see, e.g., [21]. So we do pay a physical price for excluding accelerated
bodies. It is proved in [2, sec.7] that though SpecRel + RC + Comp is decidable, this theory becomes undecidable if we omit any member of Comp. E.g.,
it is undecidable if we assume only observers and photons as bodies, but we
do not assume that all kinds of observers occur. Now, it is proved in [11] that
Th(MG) is the same, basically, as SpecRel + RC + Comp (this is expressed
in [11] via deﬁnitional equivalence of FOL theories). More on this can be
found in [2, sec.7]. Adding Comp to our relativity theory (say to SpecRel),
8
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can be interpreted by saying that we want to abstract from some aspects of
relativity theory and want to concentrate on some very basic aspects only
(namely those involving inertial observers and photons). At a certain stage
of development, one might even say that this aspect is the “heart” of the
theory (from a certain point of view) and for a while one might want to concentrate on the heart only. Some people might even argue that this “heart”
part is the one which contains the so called “laws of nature” and therefore
immunity of this part to Gödel’s incompleteness arguments might point in
the direction that perhaps TOE (Theory of Everything) is, after all, possible
despite of Gödel’s incompleteness proofs because if we ﬁgure out carefully
which formulas of our FOL language count as potential laws of nature and
distinguish them from the rest of the formulas, then laws of nature conceived
in this special way might eventually turn out to admit a complete axiomatization. On the other hand, if we intend to include into our formalized (and
axiomatized) relativity theories not only the heart of the theory but rather
“the whole story” (in some sense), then Gödel’s incompleteness applies.

4

Gödel’s Second Incompleteness in relativity

In Theorem 3.1 we established that the conclusions of Gödel’s ﬁrst incompleteness theorem apply, among others, to our relativity theory SpecRel + ν
where ν was a natural extra axiom which is valid in the most natural intended
models. In other words, we expanded our theory SpecRel with a natural extra axiom ν, and we saw that Gödel’s ﬁrst incompleteness theorem became
applicable to the so expanded version of SpecRel.
Next, we will see that SpecRel can be expanded with similarly natural
axioms Ax(ind) which are similarly true in the intended models such that
even Gödel’s famous second incompleteness theorem becomes applicable to
the so expanded version of SpecRel.
THEOREM 4.1 The following hold.
(i) SpecRel has a consistent extension SpecRel+ which is obtained by adding
a finite schema Ax(ind) of axioms to SpecRel such that in SpecRel+ its
own consistency Con(SpecRel+ ) can be formulated by a single formula
such that
SpecRel+ ̸⊢ Con(SpecRel+ ).
9
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(ii) The above remains true for any consistent extension Th of SpecRel+ if
Th is obtained by adding a finite number of axioms (to SpecRel+ ).
Proof. Throughout, we “pretend” that an M ∈ Mod(SpecRel) has been
ﬁxed, let F denote the ﬁeld-reduct of M. Let m ∈ Ob and b ∈ B. Then let
Zbm := t ∩ wlm (b). We identify Zbm with {a ∈ Q : ⟨a, 0⟩ ∈ Zbm }, see Figure 1.
We call b m-periodic iﬀ (i)-(v) below hold.
(i) Zbm ̸= ∅.
(ii) Zbm is discrete in Q, i.e.,
(∀x ∈ Zbm )(∃y ∈ Zbm )(∀z ∈ Q)(x < z < y → z ∈
/ Zbm ).
We denote this y by suc(x).
(iii) Zbm has no greatest or smallest element.
(iv) 0 ∈ Zbm and 1 = suc(0).
(v) (∀x ∈ Zbm )suc(x) − x = 1.
The axiom ν + says the following.
(ν1 ) There are m, b such that b is m-periodic.
′

(ν2 ) (∀m, b, m′ , b′ )(b is m-periodic and b′ is m′ -periodic ⇒ Zbm = Zbm′ ).
(ν3 ) b is m-periodic ⇒ Zbm is closed under + and ·, i.e., ⟨Zbm , 0, 1, +, · ⟩ ⊆ F
is a subring of our ﬁeld F.
ν + := (ν1 ) + (ν2 ) + (ν3 ).
Clearly, SpecRel + ν + is consistent (we are in ZF set theory). From now
on we assume
(1)
M |= SpecRel + ν + .
By ν1 + ν2 we may deﬁne Z := Zbm for some m-periodic body b. (Z is well
deﬁned by ν + .) Moreover, Z is deﬁned in the language of SpecRel + ν +
without parameters in the style Z = {x ∈ Q : φZ (x) holds } where the
formula φZ has no free variable other than x. This means that the structure
Z := ZM := ⟨Z, 0, 1, +, · ⟩ is deﬁnable in M without using parameters. It is
not hard to prove that
(2)

Robinson’s arithmetic Q is true in ZM ;
10

Proc-70

Combined P&C2011 / HyperNet11 Proceedings

but anyway, since Q is ﬁnite, we could add Q to ν + if Q was not automatically
true. (This would leave SpecRel + ν + + Q consistent.)
Now, we can comfortably interpret Robinson’s arithmetic Q in our theory
SpecRel + ν + , and this way we can prove all those parts of Gödel’s incompleteness theorems (together with the related theorems like Rosser’s) which
hold for Q. But now we want to do more: we want to establish those stronger
incompleteness results which hold for Peano’s Arithmetic PA (and we want
to prove these for [SpecRel+“some natural assumptions”] in place of PA). To
this end we introduce an axiom schema Ax(ind) which postulates a natural
induction principle for our models M. For this, we can pretend that Z is
part of our language, since we deﬁned Z explicitly by a formula φZ .
(3) Let ψ(x, u) be a formula with free variables x and u = ⟨u0 , ..., uk ⟩
such that x is of sort Q while ui are of arbitrary (but ﬁxed) sort.
Then the new formula ind(ψ, x) is deﬁned as follows. (To understand
the formula ind(φ, x) we have to recall that suc(x) was deﬁned in the FOL
language of M.) ind(ψ, x) is deﬁned to be
∀u((ψ(0, u) ∧ (∀x ∈ Z)[ψ(x, u) → ψ(suc(x), u)]) ⇒ (∀x ∈ Z)ψ(x, u)).
Now,
Ax(ind) := {ind(ψ, x) : ψ(x, u) is a formula in our language
as speciﬁed in (3) above }.
We deﬁne SpecRel+ as follows:
SpecRel+ := SpecRel + ν + + Ax(ind).
Now
(4) SpecRel+ is an extension of SpecRel by a ﬁnite schema of axioms, it is
consistent and it is valid in the “intended” models of SpecRel. E.g., if
FM is Archimedean and M |= (SpecRel + there are periodic bodies),
then M |= SpecRel+ .
Let us recall that in Peano’s arithmetic PA the consistency of PA can be
formalized with a single formula Con(P A) such that PA ̸⊢ Con(P A). In the
following claim we state a completely analogous result about our relativity
theory SpecRel+ .
11
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Claim 4.2 There is a formula Con(SpecRel+ ) of our language which in each
model M |= SpecRel+ expresses the consistency of SpecRel+ the same way
as Con(P A) expresses consistency of PA in models of PA. (Cf.. e.g., HájekPudlák [9] or Monk [12].) Further,
SpecRel+ ̸⊢ Con(SpecRel+ ) and
SpecRel+ ̸⊢ ¬Con(SpecRel+ ).
To prove this claim we observe two things:
(i) PA can be interpreted in SpecRel+ because Z is deﬁnable in SpecRel+
and the axioms of PA are derivable (for Z) in SpecRel+ . This is very easy
to check because the axioms of SpecRel+ were selected in such a way as to
make this true.
(ii) The axiom system SpecRel+ is given by a ﬁnite schema, completely
analogous with the axiom system of PA. Therefore, the axiom system
SpecRel+ can be formalized in PA exactly the same way as PA was formalized in PA, e.g., in [9]. Therefore in PA there is a formula pr(x, y) expressing
that x is the Gödel number of a proof from SpecRel+ of a formula φ of our
language whose Gödel number is y. Since PA is interpreted in SpecRel+ ,
the same formula pr(x, y) is available in SpecRel+ , too. Now, ∃xpr(x, y) is
a provability formula π(y) which in SpecRel+ expresses that y is the Gödel
number of a formula provable in SpecRel+ . Further, one can easily check that
the Löb conditions (as presented, e.g., in [9, Def.2.16, p.163]) are satisﬁed by
π(y) and by SpecRel+ . Now, we choose Con(SpecRel+ ) to be ¬π(F alse).
The rest of the proof of the “̸⊢ Con(. . .)” part of Claim 4.2 goes exactly
the same way as the proof of Thm’s 2.21-2.22 (on p.164) in [9]. The “̸⊢
¬Con(. . .)” part is relatively easy to check since SpecRel+ is consistent and
we deﬁned pr(x, y) in an appropriate way. This completes the proof of the
theorem for the theory SpecRel+ .
The generalization for (consistent) extensions of SpecRel+ with ﬁnitely
many new axioms goes the usual way, e.g., one can use (an appropriately
adapted version of) Thm.2.22 of [9]. (Hint: if we have a Σ1 deﬁnition of
the Gödel numbers of the axioms of SpecRel+ then we can extend this Σ1 deﬁnition to “SpecRel+ + an extra (concrete) axiom, say φ”, since φ has a
concrete Gödel number ⌈φ⌉ etc.) QED
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5

Π0k -hardness and ZFC independence in relativity

In the above investigations we saw that Gödel’s incompleteness theorems
apply to some versions, e.g., SpecRel + ν, of our formalized relativity theory.
This implies, among others, that all extensions of SpecRel+ν are undecidable,
moreover, if they are complete then their theorems are not even recursively
enumerable.
However, we will see soon that there are stronger (than non-recursively
enumerability) negative properties for theories (sets of formulas), and if we
are not careful enough then our relativity theories can be “infected” with
these very strong negative properties, too.
If a set of formulas is not recursively enumerable, that makes life hard, but
not impossible. In the theory of computability (or rather non-computability)
there is a so-called hierarchy of unsolvability which measures how impossible it is to describe certain sets (of formulas or of natural numbers). This
hierarchy is also known as the “degree of unsolvability”. There is an inﬁnite
sequence Π01 , Π02 , ..., Π0k , ... of harder and harder non-computable sets. (The
idea is that Π0k+1 is even less computable than Π0k .)
As an illustration, let ω := ⟨ω, +, ·, 0, 1⟩ be the standard model of arithmetic. Then it is known that the full ﬁrst-order theory Th(ω) of ω is harder
than Π0k , for any k ∈ ω.
We will see that if we are careless in deﬁning our class IntM ⊆
Mod(SpecRel) of intended models of relativity, then Th(IntM) can become
at least as hard as Th(ω), i.e., harder than Π0k for any k. Roughly speaking,
this means that there is a computable function tr : Th(ω) → Th(IntM) mapping (or “translating”) Th(ω) onto Th(IntM) such that if some magic device
(usually called an “oracle”) could compute (e.g., enumerate) Th(IntM), then
via tr this would also yield a computation (enumeration) of Th(ω). For the
precise deﬁnition of Π0k -hardness and being “as hard as” (say, Th(ω)) the
reader is referred to Odifreddi [14].
Next we turn to preparing ourselves for stating this Π0k -hardness theorem.
Let us recall that the “potential axiom” ν in our language was introduced
around our extension of Gödel’s ﬁrst incompleteness theorem to our relativity
theories, cf. Theorem 3.1. Intuitively, ν says that there exists a periodically
moving body. Next we deﬁne a harmless looking class ArchMR of models
which we will call Archimedean models of relativity. Recall that a ﬁeld F
is called Archimedean if the set of integers is coﬁnal in it, i.e., if to each

13
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r ∈ Q there is k ∈ Q such that r < k and k is a ﬁnite integer, i.e. k ∈
{1, 1 + 1, 1 + 1 + 1, ...}.
Definition 5.1
ArchMR := {M ∈ Mod(SpecRel) : M |= ν and FM is Archimedean}.

THEOREM 5.2 The following hold.
(i) The FOL theory Th(ArchMR) is harder than Π0k , for any k ∈ ω. Further,
(ii) Th(ArchMR) is at least as hard (i.e., as uncomputable or undefinable)
as the full FOL theory Th(ω) of the standard model ω of arithmetic.
On the proof. Assume M |= SpecRel + ν and assume FM is Archimedean.
Using the ideas of our earlier “Gödel-oriented” proofs, since ν is assumed,
we can deﬁne an isomorphic copy of some structure A similar to ω in our
model M. But since FM is Archimedean, A will be isomorphic with ω. This
way we obtained an interpretation tr of Th(ω) in the theory Th(M) of M.
A little checking reveals that this interpretation is the same for all choices of
M. This proves interpretability of Th(ω) in Th(ArchMR). The rest follows
from this (since tr is clearly Turing-computable). QED
The above theorem can be interpreted as implying that we really should
not require FM to be Archimedean in our relativity theories because this
requirement would smuggle in very hard meta-mathematical issues into our
formalized relativity theory which issues are probably irrelevant to the original subject matter of relativity. The following theorem reveals an even more
serious problem. Namely, the theorems about ArchMR do not depend so
much on our choice of explicit assumptions about relativity, but rather they
depend on the properties of the set theoretical universe in which we are doing
our mathematics.
THEOREM 5.3 There is a formula φ in our language for relativity theory
such that whether ArchMR |= φ is true or not is independent of ZFC Set
Theory.
On the proof. We saw in the proof of Thm.4.1 that the theory Th(ω) of full
ﬁrst-order arithmetic can be interpreted (or reconstructed) in our “relativity
theory” Th(ArchMR). But in Th(ω) there do exist formulas, e.g., ψ, such that
14
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the statement ω |= ψ” is independent of ZFC (assuming ZFC is consistent).
Such a ψ is the Gödelian formula Con(ZF ). Therefore, if tr is our translation function (from Th(ω) into our language) then “tr(ψ) ∈ Th(ArchMR)”
or equivalently “ArchMR |= tr(ψ)” is a statement about our (potential) relativity theory whose truth is independent from ZFC. This implies, roughly
speaking, that in some models of ZFC ArchMR |= tr(ψ) is true while in other
models of ZFC the same is false. For completeness, we note that besides
Con(ZF ), there are inﬁnitely many diﬀerent formulas ψ1 , ψ2 , . . . in the language of ω whose validity in ω is independent from ZFC. Such an example is
Con(Con(ZF )+ZF ), but there are also formulas with the same independence
property but of diﬀerent spirit. QED
The tr(ψ) in the above proof is a formula in our language for relativity theory whose truth in the potential relativity theory Th(ArchMR) is unknowable in some meta-mathematical sense. To our minds, this implies that
Th(ArchMR) would be a bad choice for being our relativity theory. Also,
ArchMR would be a bad choice for being our intended class of models of relativity theory. Rosinger [15], [16] argue for the same. Thus Theorem 5.3 can
be interpreted as saying that Mod(Th) for some of the purely FOL choices
Th (such as, e.g., SpecRel) for relativity theory is much more adequate for
studying relativity theory than, e.g., ArchMR.
We have seen that the theorems of Th(ArchMR) do not depend so much
on our choice of explicit assumptions about relativity, but rather they depend
on the properties of the set theoretical universe in which “we are doing our
mathematics”. This may not sound so bad, but further considerations reveal
that this can lead to extremely misleading results, and roughly speaking
it can contribute to something which is usually called an “artifact”, cf. in
this connection [6], [13] or [17]. Because of Thm.5.3, when we will want
to have something like the Archimedean property in our relativistic models
M, then instead of simply assuming that FM is Archimedean (which would
produce undesirable side eﬀects), we will follow the non-standard analysis-like
methodology elaborated for temporal logics of actions and for nonstandard
dynamic logics (in, e.g., [18], [1]). This nonstandard methodology is based
on adding extra sorts to M representing possibly nonstandard integers, and
functions mapping these integers into F.
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Abstract. Nonclassical states of light play a central role in many quantum information protocols. Very recently, their quantum features have
been exploited to improve the readout of information from digital memories, modeled as arrays of microscopic beam splitters [S. Pirandola, Phys.
Rev. Lett. 106, 090504 (2011)]. In this model of “quantum reading”, a
nonclassical source of light with Einstein-Podolski-Rosen correlations has
been proven to retrieve more information than any classical source. In
particular, the quantum-classical comparison has been performed under a global energy constraint, i.e., by fixing the mean total number of
photons irradiated over each memory cell. In this paper we provide an
alternative analysis which is based on a local energy constraint, meaning that we fix the mean number of photons per signal mode irradiated
over the memory cell. Under this assumption, we investigate the critical
number of signal modes after which a nonclassical source of light is able
to beat any classical source irradiating the same number of signals.

1

Introduction

Quantum information has disclosed a modern approach to both quantum mechanics and information theory [1]. Very recently, this field has been developed
into the so-called “continuous variable” setting, where information is encoded
and processed using quantum systems with infinite dimensional Hilbert spaces
[2–5]. Bosonic systems, such as the radiation modes of the electromagnetic field,
are today the most studied continuous variable systems, thanks to their strict
connection with quantum optics. In the continuous variable framework, a wide
range of results have been successfully achieved, including quantum teleportation [6–11], teleportation networks [12–14] and games [15, 16], entanglement
swapping protocols [17–19], quantum key distribution [20–24], two-way quantum
cryptography [25, 26], quantum computation [27–33] and cluster quantum computation [34–37]. Other studies have lead to the full classification of Gaussian
channels and collective Gaussian attacks [38–40], the computation of secret-key
capacities and their reverse counterpart [41–45], and possible schemes for quantum direct communication [46, 47].
One of the key resources in many protocols of quantum information is quantum entanglement. In the bosonic setting, quantum entanglement is usually
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present under the form of Einstein-Podolski-Rosen (EPR) correlations [48], where
the quadrature operators of two separate bosonic modes are so correlated to beat
the standard quantum limit [49]. The simplest source of EPR correlations is the
two-mode squeezed vacuum (TMSV) state. In the number-ket representation
this state is defined by
|ξi = (cosh ξ)−1

∞
X

n=0

(tanh ξ)n |nis |nii ,

where ξ is the squeezing parameter and {s, i} is an arbitrary pair of bosonic
modes, that we may call “signal” and “idler”. In particular, ξ quantifies the
signal-idler entanglement and gives the mean number of photons sinh2 ξ in each
mode. Since it is entangled, the TMSV state cannot be prepared by applying
local operations and classical communications (LOCCs) to a couple of vacua
|0is ⊗ |0ii or any other kind of tensor product state. For this reason, the TMSV
state cannot be expressed as a classical mixture of coherent states |αis ⊗|βii with
α and β arbitrary complex amplitudes. In other words, its P-representation [57,
58]
Z Z
|ξi hξ| =

d2 αd2 β P(α, β) |αis hα| ⊗ |βii hβ| ,

involves a function P which is non-positive and, therefore, cannot be considered as a genuine probability distribution. For this reason, the TMSV state is
a particular kind of “nonclassical” state. Other kinds are single-mode squeezed
states and Fock states. By contrast a bosonic state is called “classical” when its
P-representation is positive, meaning that the state can be written as a classical
mixture of coherent states. Thus a classical source of light is composed by a set
of m bosonic modes in a state
Z
Z
ρ = d2 α1 · · · d2 αm P(α1 , · · · , αm ) ⊗m
(1)
k=1 |αk i hαk | ,
where P is positive and normalized to 1. Typically, classical sources are just
made by collection of coherent states with amplitudes {ᾱ1 , · · · , ᾱm }, i.e., ρ =
⊗m
k=1 |ᾱk i hᾱk | which corresponds to have
P=

m
Y

k=1

δ 2 (αk − ᾱk ) .

In other situations, where the sources are particularly chaotic, they are better described by a collection of thermal states with mean photon numbers {n̄1 , · · · , n̄m },
so that
m
2
Y
exp(− |αk | n̄k )
P=
.
πn̄k
k=1

More generally, we can have classical states which are not just tensor products
but they have (classical) correlations among different bosonic modes.
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The comparison between classical and nonclassical states has clearly triggered
a lot of interest. The main idea is to compare the use of a candidate nonclassical
state, like the EPR state, with all the classical states for specific information
tasks. One of these tasks has been the detection of low-reflectivity objects in far
target regions under the condition of extremely low signal-to-noise ratios. This
scenario has been called “quantum illumination” and has been investigated in a
series of papers [50–55].
Most recently, the EPR correlations have been exploited for a completely
different task in a completely different regime of parameters. In the model of
“quantum reading” [56], the EPR correlations have been used to retrieve information from digital memories which are reminiscent of today’s optical disks,
such as CDs and DVDs. A digital memory can in fact be modelled as a sequence
of cells corresponding to beam splitters with two possible reflectivities r0 and
r1 (used to encode a bit of information). By fixing the mean total number of
photons N irradiated over each memory cell, it is possible to show that a nonclassical source of light with EPR correlations retrieves more information than
any classical source [56]. In general, the improvement is found in the regime of
few photons (N = 1 ÷ 100) and for memories with high reflectivities, as typical for optical memories. In this regime, the gain of information given by the
quantum reading can be dramatic, i.e., close to 1 bit for each bit of the memory.
An important point in the study of Ref. [56] is that the quantum-classical
comparison is performed under a global energy constraint, i.e., by fixing the total
number of photons N which are irradiated over each memory cell (on average).
Under this assumption, it is possible to construct an EPR transmitter, made by a
suitable number of TMSV states, which is able to outperform any classical source
composed by any number of modes. In the following we consider a different and
easier comparison: we fix the number of signal modes irradiated over the target
cell (M ) and the mean number of photons per signal mode (NS ). Under these
assumptions, we compare an EPR transmitter with a classical source. Then, for
fixed NS , we determine the critical number of signal modes M (NS ) after which
an EPR transmitter with M > M (NS ) is able to beat any classical source (with
the same number of signals M ).

2

Readout mechanism

Here we briefly review the basic readout mechanism of Ref. [56], specifying the
study to the case of a local energy constraint. Let us consider a model of digital
optical memory (or disk) where the memory cells are beam splitter mirrors with
different reflectivities r = r0 , r1 (with r1 ≥ r0 ). In particular, the bit-value u = 0
is encoded in a lower-reflectivity mirror (r = r0 ), that we may call a pit, while
the bit-value u = 1 is encoded in a higher-reflectivity mirror (r = r1 ), that
we may call a land (see Fig. 1). Close to the disk, a reader aims to retrieve
the value of the bit u which is stored in each memory cell. For this sake, the
reader exploits a transmitter (to probe a target cell) and a receiver (to measure
the corresponding output). In general, the transmitter consists of two quantum
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systems, called signal S and idler I, respectively. The signal system S is a set of
M bosonic modes which are directly shined on the target cell. The mean total
number of photons of this system is simply given by N = M NS , where NS is the
mean number of photons per signal mode (simply called “energy”, hereinbelow).
At the output of the cell, the reflected system R is combined with the idler
system I, which is a supplementary set of bosonic modes whose number L can
be completely arbitrary. Both the systems R and I are finally measured by the
receiver (see Fig. 1).
Thermal
Bath

Memory

0

1

( r0 , r1 )
Transmitter

B

1

0

S

R

ρ

I

1

0

1

Receiver

Reader
Fig. 1. Model of memory. Digital information is stored in a disk whose memory
cells are beam splitter mirrors with different reflectivities: r = r0 encoding bit-value
u = 0 and r = r1 encoding bit-value u = 1. Readout. A reader is generally composed
by a transmitter and a receiver. It retrieves a stored bit by probing a memory cell with
a signal system S (M bosonic modes) and detecting the reflected system R together
with an idler system I (L bosonic modes). In general, the output system R combines
the signal system S with a bath system B (M bosonic modes in thermal states). The
transmitter is in a state ρ which can be classical (classical transmitter) or non-classical
(quantum transmitter). In our work, we consider a quantum transmitter with EPR
correlations between signal and idler systems.

We assume that Alice’s apparatus is very close to the disk, so that no significant source of noise is present in the gap between the disk and the decoder. However, we assume that non-negligible noise comes from the thermal bath present
at the other side of the disk. This bath generally describes stray photons, transmitted by previous cells and bouncing back to hit the next ones. For this reason,
the reflected system R combines the signal system S with a bath system B of M
modes. These environmental modes are assumed in a tensor product of thermal
states, each one with NB mean photons (white thermal noise). In this model
we identify five basic parameters: the reflectivities of the memory {r0 , r1 }, the
temperature of the bath NB , and the profile of the signal {M, NS }, which is
given by the number of signals M and the energy NS .
In general, for a fixed input state ρ at the transmitter (systems S, I), Alice
will get two possible output states σ0 and σ1 at the receiver (systems R, I).
These output states are the effect of two different quantum channels, E0 and E1 ,
which depend on the bit u = 0, 1 stored in the target cell. In particular, we have
σu = (Eu ⊗ I)(ρ), where the conditional channel Eu acts on the signal system,
while the identity channel I acts on the idler system. More exactly, we have
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Eu = R⊗M
u , where Ru is a one-mode lossy channel with conditional loss ru and
fixed thermal noise NB . Now, the minimum error probability Perr affecting the
decoding of u is just the error probability affecting the statistical discrimination
of the two output states, σ0 and σ1 , via an optimal receiver. This quantity is
equal to Perr = [1 − D(σ0 , σ1 )]/2, where D(σ0 , σ1 ) is the trace distance between
σ0 and σ1 [59–61]. Clearly, the value of Perr determines the average amount of
information which is decoded for each bit stored in the memory. This quantity
is equal to J = 1 − H(Perr ), where H(x) := −x log2 x − (1 − x) log2 (1 − x) is
the usual formula for the binary Shannon entropy. In the following, we compare the performance of decoding in two paradigmatic situations, one where the
transmitter is described by a non-classical state (quantum transmitter) and one
where the transmitter is in a classical state (classical transmitter). In particular,
we show how a quantum transmitter with EPR correlations (EPR transmitter)
is able to outperform classical transmitters. The quantum-classical comparison
is performed for fixed signal profile {M, NS }. Then, for various fixed values of
the energy NS (local energy constraint), we study the critical number of signal
modes M (NS ) after which an EPR transmitter (with M > M (NS ) signals) is able
to beat any classical transmitter (with the same number of signals M ).

3

Quantum-classical comparison

First let us consider a classical transmitter. A classical transmitter with M
signals and L idlers is described by a classical state ρ as specified by Eq. (1) with
m = M + L. In other words it is a probabilistic mixture of multi-mode coherent
+L
states ⊗M
k=1 |αk i hαk |. Given this transmitter, we consider the corresponding
class
which affects the readout of the memory. Remarkably,
error probability Perr
this error probability is lower-bounded by a quantity which depends on the
signal profile {M, NS }, but not from the number L of the idlers and the explicit
expression of the P-function. In fact, we have [56]
p
1 − 1 − F (NS )M
class
Perr
≥ C(M, NS ) :=
,
(2)
2
1/2

1/2

1/2

1/2

where F (NS ) is the fidelity between R0 (|NS ihNS |) and R1 (|NS ihNS |),
1/2
1/2
the two possible outputs of the single-mode coherent state |NS ihNS |. As a
consequence, all the classical transmitters with signal profile {M, NS } retrieve
an information which is upper-bounded by Jclass := 1 − H[C(M, NS )].
Now, let us construct a transmitter having the same signal profile {M, NS },
but possessing EPR correlations between signals and idlers. This is realized by
⊗M
taking M identical copies of a TMSV state, i.e., ρ = |ξi hξ|
where NS =
2
sinh ξ. Given this transmitter, we consider the corresponding error probability
quant
Perr
affecting the readout of the memory. This quantity is upper-bounded by
the quantum Chernoff bound [62–66]
·
¸M
1
s 1−s
quant
inf Tr(θ0 θ1 )
,
(3)
Perr ≤ Q(M, NS ) :=
2 s∈(0,1)
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where θu := (Ru ⊗ I)(|ξi hξ|). Since θ0 and θ1 are Gaussian states, we can
write their symplectic decompositions [67] and compute the quantum Chernoff
bound using the general formula for multimode Gaussian states given in Ref. [66].
Then, we can easily compute a lower bound Jquant := 1 − H[Q(M, NS )] for the
information which is decoded via this quantum transmitter.
In order to show an improvement with respect to the classical case, it is sufficient to prove the positivity of the “information gain” G := Jquant − Jclass . This
quantity is in fact a lower bound for the average information which is gained
by using the EPR quantum transmitter instead of every classical transmitter.
Roughly speaking, the value of G estimates the minimum information which is
gained by the quantum readout for each bit of the memory. In general, G is a
function of all the basic parameters of the model, i.e., G = G(M, NS , r0 , r1 , NB ).
Numerically, we can easily find signal profiles {M, NS }, classical memories {r0 , r1 },
and thermal baths NB , for which we have the quantum effect G > 0. Some of
these values are reported in the following table.
M
NS
1
3.5
10
1
30
1
100
0.1
200
0.1
2 × 105 0.01

r0
0.5
0.2
0.38
0.25
0.6
0.995

r1
0.95
0.8
0.85
0.85
0.95
1

NB
0.01
0.01
1
0.01
0.01
0

G (bits)
6.2 × 10−3
3.4 × 10−2
1.2 × 10−3
5.9 × 10−2
0.22
0.99

Note that we can find choices of parameters where G ' 1, i.e., the classical
readout of the memory does not decode any information whereas the quantum
readout is able to retrieve all of it. As shown in the last row of the table, this
situation can occur when the both the reflectivities of the memory are very close
to 1. From the first row of the table, we can acknowledge another remarkable
fact: for a land-reflectivity r1 sufficiently close to 1, one signal with few photons
can give a positive gain. In other words, the use of a single, but sufficiently
entangled, TMSV state |ξi hξ| can outperform every classical transmitter, which
uses one signal mode with the same energy (and potentially infinite idler modes).
According to our numerical investigation, the quantum readout is generally
more powerful when the land-reflectivity is sufficiently high (i.e., r1 & 0.8). For
this reason, it is very important to analyze the scenario in the limit of ideal
land-reflectivity (r1 = 1). Let us call “ideal memory” a classical memory with
r1 = 1. Clearly, this memory is completely characterized by the value of its pitreflectivity r0 . For ideal memories, the quantum Chernoff bound of Eq. (3) takes
the analytical form
Q=

√
1
{[1 + (1 − r0 )NS ]2 + NB (2NS + 1)(1 − r0 )}−M ,
2

and the classical bound of Eq. (2) can be computed using
√
F (NS ) = γ −1 exp[−γ −1 (1 − r0 )2 NS ] ,
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where γ := 1 + (1 − r0 )NB [56]. Using these formulas, we can study the behavior
of the gain G in terms of the remaining parameters {M, NS , r0 , NB }. Let us
consider an ideal memory with generic r0 ∈ [0, 1) in a generic thermal bath NB ≥
0. For a fixed energy NS , we consider the minimum number of signals M (NS )
above which G > 0 [68]. This critical number can be defined independently from
the thermal noise NB (via an implicit maximization over NB ). Then, for a given
value of the energy NS , the critical number M (NS ) is a function of r0 alone, i.e.,
M (NS ) = M (NS ) (r0 ). Its behavior is shown in Fig. 2 for different values of the
energy.
3

Log10 M

N S= 0.01
2

N S= 0.1
1

N S= 0.5
0
0

0.2

0.4

0.6

0.8

1

r0
Fig. 2. Number of signals M (logarithmic scale) versus pit-reflectivity r0 . The curves
refer to NS = 0.01, 0.1 and 0.5 photons. For each value of the energy NS , we plot
the critical number M (NS ) (r0 ) as function of r0 . All the curves have an asymptote
at r0 = 1. For NS & 2.5 photons (curves not shown), we have another asymptote at
r0 = 0.

It is remarkable that, for low-energy signals (NS = 0.01 ÷ 1 photons), the
critical number M (NS ) (r0 ) is finite for every r0 ∈ [0, 1). This means that, for
ideal memories and low-energy signals, there always exists a finite number of
signals M (NS ) above which the quantum readout of the memory is more efficient
than its classical readout. In other words, there is an EPR transmitter with
M > M (NS ) able to beat any classical transmitter with the same number of
signals M . In the considered low-energy regime, M (NS ) (r0 ) is relatively small
for almost all the values of r0 , except for r0 → 1 where M (NS ) (r0 ) → ∞. In fact,
for r0 ' 1, we derive M (NS ) (r0 ) ' [4NS (2NS + 1)(1 − r0 )]−1 , which diverges at
quant
class
r0 = 1. Such a divergence is expected, since we must have Perr
= Perr
= 1/2
for r0 = r1 (see Appendix A for details). Apart from the divergence at r0 = 1,
in all the other points r0 ∈ [0, 1), the critical number M (NS ) (r0 ) decreases for
increasing energy NS (see Fig. 2). In particular, for NS = 1 photon, we have
M (NS ) (r0 ) ' 1 for most of the reflectivities r0 . In other words, for energies
around one photon, a single TMSV state is sufficient to provide a positive gain
for most of the ideal memories. However, the decreasing trend of M (NS ) (r0 )
does not continue for higher energies (NS ≥ 1). In fact, just after NS = 1,
M (NS ) (r0 ) starts to increase around r0 = 0. In particular, for NS ≥ 1, we can
derive M (NS ) (0) ' (ln 2)[2 ln(1 + NS ) − NS ]−1 , which is increasing in NS , and
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becomes infinite at NS ' 2.5. As a consequence, for NS & 2.5 photons, we have a
second asymptote appearing at r0 = 0 (see Appendix B for details). This means
that the use of high-energy signals (NS & 2.5) does not assure positive gains for
memories with extremal reflectivities r0 = 0 and r1 = 1.

4

Conclusion

In conclusion, we have considered the basic model of digital memory studied in
Ref. [56], which is composed of beam splitter mirrors with different reflectivities. Adopting this model, we have compared an EPR transmitter with classical
sources for fixed signal profiles, finding positive information gains for memories with high land-reflectivities (r1 & 0.8). Analytical results can be derived
in the limit of ideal land-reflectivity (r1 = 1) which defines the regime of ideal
memories. In this case, by fixing the mean number of photons per signal mode
(local energy constraint), we have computed the critical number of signals after
which an EPR transmitter gives positive information gains. For low-energy signals (0.01÷1 photons) this critical number is finite and relatively small for every
ideal memory. In particular, an EPR transmitter with one TMSV state can be
sufficient to achieve positive information gains for almost all the ideal memories.
Finally, our results corroborate the outcomes of Ref. [56] providing an alternative
study which considers a local energy constraint instead of a global one. As discussed in Ref. [56], potential applications are in the technology of optical digital
memories and involve increasing their data-transfer rates and storage capacities.

A

General asymptote at r0 = 1

According to Fig. 2, the critical number M (NS ) (r0 ) diverges for r0 → 1. Let us
analyze the behavior of G around the singular point r0 = 1, by setting r0 = 1 − ε
and expanding G for ε → 0+ . It is easy to check that, for every NB , we have
G > 0 if and only if M > [4NS (2NS + 1)ε]−1 . In particular, in the absence of
thermal noise (NB = 0), we have
G=

M NS (4M NS − 1)ε2
+ O(ε3 ) ,
8 ln 2

(4)

which is positive if and only if M > (4NS )−1 .
Proof. Note that G > 0 if and only if ∆ := Q(M, NS ) − C(M, NS ) < 0. Let
us expand ∆ = ∆(M,
NS , NB , 1 − ε) at the first order in ε.i For a given NB > 0,
h
1/2
1
we have ∆ = 2 (M NB ε) − M (NB + NS + 2NB NS )ε + O(ε3/2 ), which is
negative if and only if
M>

NB
:= κ(NB ) .
(NB + NS + 2NB NS )2 ε
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Notice that κ(NB ) is maximum for NB∗ = NS (1 + 2NS )−1 . Then, for every
NB > 0, we have ∆ < 0 if and only if
M > κ(NB∗ ) =

1
.
4NS (2NS + 1)ε

(5)

Now, let us consider the particular case of NB = 0. In this case, we have the
1/2
1/2
first-order expansion ∆ = (M NS ) [1−2 (M NS ) ]ε/4+O(ε2 ), or equivalently
the second-order expansion of G given in Eq. (4). It is clear that ∆ < 0, i.e.,
G > 0, when M > 1/4NS . However, this condition is less restrictive than the
one in Eq. (5) which, therefore, can be extended to every NB ≥ 0. ¥

B

High-energy asymptote at r0 = 0

Let us analyze the behavior of M (NS ) (r0 ) for NS ≥ 1 and r0 = 0. One can check
that, for NS ≥ 1, the greatest value of M (NS ) (0) occurs when NB = 0. In this
−2M
case, i.e., for r0 = NB = 0 and r1 = 1, we have Q(M, NS ) = [(1 + NS )
]/2,
and
√
1 − 1 − e−M NS M À1 e−M NS
C(M, NS ) =
−→
:= C ∞ .
2
4
Let us consider the critical value M (NS ) (0) of M such that G(M, NS ) = 0, which
is equivalent to Q = C. We also consider the value M̃ such that Q = C ∞ . Since
C ∞ ≤ C, we have that M (NS ) (0) ≥ M̃ . Actually, we find that M (NS ) (0) ' M̃
with very good approximation when NS ≥ 1 (see Fig. 3). Then, for every NS ≥ 1,
−1
we can set M (NS ) (0) ' (ln 2) [2 ln(1 + NS ) − NS ] . The latter quantity becomes
infinite for 2 ln(1 + NS ) = NS , i.e., for NS & 2.51 photons.
12

10

8

M
6

4

2
0

0.5

1

1.5

2

NS

Fig. 3. Minimum number of signals M versus energy NS . The solid curve represents
M (NS ) (0) while the dashed curve represents M̃ . Note that the minimum number of
signals is actually given by dM e where d· · · e is the ceiling function.
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68. To be precise, the critical number M (NS ) is a solution of the equation G = 0. From
this real value we derive the minimum number of signals (which is an integer) by
taking its ceiling function dM (NS ) e.

Proc-90

Combined P&C2011 / HyperNet11 Proceedings

The

ontinuous-variable Deuts h-Jozsa

algorithm using realisti

quantum systems

Rob C. Wagner, Viv M. Kendon
S hool of Physi s and Astronomy, University of Leeds, Leeds, UK, LS2 9JT
This paper is a study of the ontinuous-variable Deuts hJozsa algorithm. First we review an existing version of the algorithm
for qunat states. Then we present a realisti version of the Deuts hJozsa algorithm for ontinuous variables whi h an be implemented in
a physi al quantum system given the appropriate ora le. Under these
onditions we have a probabilisti algorithm for de iding the fun tion
with a very high su ess rate with a single all to the ora le. Finally we
look at the e e ts of errors in the qunat algorithm and how they a e t
the han es of su ess. We nd that the algorithm is generally robust
ex ept for errors in the the measurement apparatus, Fourier Transform,
and potentially the ora le itself.

Abstra t.

1

Introdu tion

Quantum omputation is a physi ally-motivated model of omputing whi h an
provide us with new insights into the theory of omputation [1{3℄. By analysing
algorithms using the model we see where the di erent physi s used both hinders
and bene ts us in omputational terms. Both dis rete-variable and ontinuousvariable [4, 5℄ quantum omputing ar hetypes still provide plenty of room for
new ontributions.
In the 90's, dis rete-variable quantum omputing found itself propelled by the
developments of algorithms whi h demonstrated possible speed-ups over lassi al
algorithms to perform the same operations [6{8℄. The rst, proposed initially by
Deuts h in 1985, expanded with Jozsa in 1992 and ompleted by Cleve et. al. in
1998, was the Deuts h-Jozsa algorithm. This took the problem where, given a
fun tion f : [0; 1℄n [0; 1℄ whi h we are promised is onstant or balan ed over
its domain, we want to determine whi h of the two ases holds. The quantum
omputer an solve the problem deterministi ally in a single ora le all while it
is believed that lassi al omputers an not do this, representing an in rease in
power by using a quantum omputer.
As analogues to the original dis rete-variable algorithms, people sought to
nd ontinuous-variable (CV) equivalents of the problems and algorithms involved [9{11℄. Perhaps unfortunately, resear h has fo used on en oding the variables into so- alled \qunats", eigenstates of the position operator. The spe trum
of the position operator is R and its set of eigenstates satisfy x^ x = x x . An
initial qunat state x an en ode a CV and then operations on the state orrespond to operations on the variable. However, the states are fundamentally

!

ji

ji
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unphysi al due to the Heisenberg un ertainty prin iple xp  ~=2 barring
eigenstates of x^ existing. This is learly an obsta le for implementing CVQC
in reality, so we should fo us our e orts more on using those states whi h an
exist in the systems and experiments we have available to us. By way of example we present in se tion 3 a realisti implementation of the ontinuous-variable
Deuts h-Jozsa algorithm and ompare it to the qunat version, as well as to the
lassi al equivalent. In addition, in se tion 4 we look at the e e t of errors in the
qunat algorithm from se tion 2 at ea h step and how mu h they might jeopardise
the han es of su ess to see what we an learn from the unrealisti algorithm.
2

Deuts h-Jozsa with position eigenstates

Pati and Braunstein [10℄ demonstrate a version of the Deuts h-Jozsa algorithm
using position eigenstates to determine whether a given ora le fun tion f : R !
f0; 1g is onstant or balan ed1 . Their method is as follows:
1. Take two qunat states jx0 i j=2i where xR0 is any value you hoose.
2. Apply the Fourier transform F jai = p1 e2iab jbi db independently to both
of the qunat states, whi h yields

F jx0 i F j=2i = 1

Z

exp (2ix0 x + iy ) jxi jy i dxdy

3. Evaluate the fun tion f using the ora le Uf j

p1

Z

(1)

i jdi = j i jd + f ( )i to give

exp (2ix0 x + if (x)) jxi F j=2i dx

(2)

4. Perform an inverse Fourier transform on the rst qunat, resulting in

jqi = 1

Z

exp (2ix(x0

x0)) (

1)f (x) jx0 i F j=2i dxdx0

(3)

5. The rst qunat (initially jx0 i) is proje ted onto a small window around
the original position eigenstate, to re e t Rnite measurement pre ision. The
x0 =2 jyi hyjdy. The out ome
proje tion operator is de ned as Px0 = xx00 +x
0 =2
is then
1

Px0 jqi = 

Z

dx

Z

x0 +x0 =2

x0 x0 =2

dy e2ix(x0 y) ( 1)f (x) jy i F j=2i

(4)

whi h is equal to jx0 i if f is onstant and is equal to 0 (i.e. no support at
is balan ed, thus determining the status of the fun tion with a
single all to the ora le.

jx0 i) if f
1

A onstant fun tion is 0 or 1 for all x 2 ( 1; 1).
 (fx 2 R jf (x) = 0g) =  (fx 2 R jf (x) = 1g).
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Therefore, with a single all to the ora le this quantum system an determine whi h of onstant and balan ed the given fun tion f is, ompared with an
in nite number of ora le alls a lassi al deterministi algorithm would require.
However, there is a fundamental problem with the algorithm - the use of qunats,
in nitely-squeezed states. These states require in nite energy to reate and, were
one to attempt to measure one, would have in nite energy; they are physi ally
impossible. The algorithm makes use of the in nite squeezing by having uniform support a ross the whole real line of positions in the an illa state after
the Fourier transform so it an apply the ora le fun tion to its entire domain at
on e. In se tion 3 we look at using states whi h are realisti and approximate
the position eigenstates to see if we an retrieve this advantage.
By proje ting onto x0  x0 , Pati and Braunstein introdu e the idea of
only having nite pre ision in the end measurement pro ess but assume in nite
pre ision in both the reation of the states and the operations involved in the
omputation. In se tion 4 we will look at introdu ing nite pre ision at every
stage of the pro ess and see how it a e ts the omputation.
3

Deuts h-Jozsa with Gaussian states

The main problem with the position-eigenstates model is that the states are
unphysi al. We are able to approximate them by highly-squeezed oherent states,
sin e qunats an be onsidered as in nitely-squeezed oherent states. We now
des ribe how to generate a squeezed oherent state. Begin with a oherent state
j ig (where the subs ript g denotes a Gaussian state [12℄), whi h is an eigenstate
of the annihilation operator a^ j ig = j ig . This isn't an observable operator,
but if we measure j ig in position and momentum phase spa e then we get
results from a Gaussian distribution around with minimal varian e, a ording
to the Heisenberg un ertaintyprin iple [13℄. The squeezing operator in question
is S^ (r) = exp 21 ra^2 ra^y2 , whi h hanges the varian es of the measured
values; a position-squeezed state will have very little varian e in the measured
position but a large varian e in the measured momentum. As r ! 1 we generate
lim
qunats from Gaussian states as jxi =r ! 1 S^ (r) jxig .
If we squeeze a oherent state jx0 ig in the position basis with a squeezing
parameter of r then if we just onsider its position-wavefun tion we have
 1=4 Z

jx0 ig = er=2 2

e2r (x1 x0 )2  jx1i dx1
se tion 2, with jx0 ig and j=2ig

exp



Following the same algorithm as in
position-squeezed oherent states, after step 4 we arrive at


being

r 21=2 Z
e
j q ig = F
1 Uf (F F ) jx0 ig j=2ig =
2





2
e2r (x1 x0 )2 + x2 2 + (2i (x1y1 + x2y2 x2f (y1 ) y1z))
jzi jy2 i dv
(6)
1

exp

(5)
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whi h resembles the original equation (3) only with the Gaussian windows around
x1 = x0 and x2 = 2 . Here v = (x1 ; x2 ; y1 ; y2 ; z ) is the ve tor of all the variables
being integrated over. The fun tion f is promised to be either onstant or balan ed and we onsider the two ases independently.
When f is onstant, it is either always equal to 0 or always equal to 1, all
this onstant . Then the end result is equal to



exp

jqig bal =
e2r



er 21=2
2

j

2

(x1

x0 )

Z
 2



+ x2

and we an use the rule that
result into

2

R
1






+ (2i (x1 y1 + x2 y2

y1 z ))

x2

jzi jy2 i dv

exp [2ix(x0

y )℄ dx

= Æ (x0

y)

(7)

to split the

r=2 1=4

jqig bal = e 32=4 jx0 ig

Z

j

exp




e2r x 2

 2

2



+ 2ix2 (y2

) jy2 i dx2 dy2



(8)

whi h is a separable tensor produ t state. The rst mode is now in the initial
state on e more. Note that in our appli ation of the delta fun tion identity it
did not matter that the state is nitely-squeezed sin e the integration over y1
is from 1 to 1 and is uniformly weighted a ross the whole spa e. We an
never a identally onfuse a balan ed fun tion for onstant one merely be ause
it appears balan ed over a nite region.
When f is balan ed, the states are inseparable and we do not have a simple
des ription of the state sin e it depends on f . We know that the initial distribution will have very lose to zero support ex ept for a tiny Gaussian window
around jx0 i j=2i. The end result for a balan ed fun tion will be a state whi h is
highly orthogonal to jx0 ig and importantly has zero support at jx0 i, as with the
qunat algorithm in se tion 2. Assuming perfe t state measurement we an obtain
knowledge of whi h ase the fun tion is in one measurement. Compare this with
the lassi al ase where we pi k two real numbers x1 and x2 and ompare f (x1 )
with f (x2 ), whi h su eeds onlyhalf the time. For referen e, a realisti level of
squeezing is about r = ln 101:2  2:76 (using 12dB of squeezing [14℄) whi h
would give a standard deviation one-sixteenth that of a oherent state. This is
reasonably fo used from the point of view of potential measurement a ura y in
the physi al apparatus.
When we do not have perfe t state measurement then the probability of su ess will depend on the quality of our measurements and hen e on the parti ular
devi e being used to perform the omputation. We are not able to redu e the
number of query alls from in nity to one in a realisti s heme, but we have
a probabilisti algorithm with a very high su ess probability, whi h ompares
very well with the lassi al equivalent. The probability of su ess is likely to
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in rease as the amount of squeezing r in reases as this usually leads to better state dis rimination and measurement, but will ultimately depend on the
physi al onstraints involved.
We may also wonder if we an simulate the quantum algorithm lassi ally
(using an equivalent ora le), or if it is genuinely a quantum omputation. It has
been shown [15℄, at least in the ase of a ouple of qubits, that the dis rete
Deuts h-Jozsa algorithm an be performed in a single query easily in a lassi al
implementation. The reason for this appears to be be ause so little of the statespa e is a tually used through the algorithm. We know that n qubits an en ode
2n states in any one moment but if not all of that spa e is being used then we
may not get the promised advantages.
The ora le fun tion in our algorithm is an entangling operation between the
two modes and makes use of one real line in terms of parameter spa e. When
the ora le fun tion is onstant the states are disentangled and we an re over
the original states, but when the fun tion is balan ed we have a (potentially,
depending on the fun tion) large amount of entanglement between the two states.
This may be implementable on a lassi al analogue omputer using some lever
en oding but we onje ture that is not possible due to the extremely omplex
intera tion that is entanglement.
4

Deuts h-Jozsa with Qunats and Finite Pre ision

In the original paper [10℄ Pati and Braunstein looked at nite pre ision in the
nal measurement and found that it does not redu e the probability of a su essful result. Taking the original qunat algorithm from se tion 2 we an repla e
step 5 with a perfe t proje tion operator Px0 = jx0 i hx0 j 1. Now
Z
1
Px0 jqi =  ( 1)f (x) jx0 i F j=2i dx
(9)
whi h is equal to  jx0 i if f is onstant and equal to 0 if f is balan ed. This
idealised version of the algorithm now assumes in nite pre ision everywhere and
yields the orre t output with probability 1. Having only nite pre ision in the
end measurement does not a e t the probability of su ess, but would nite
pre ision elsewhere limit us?
There are 5 steps in the algorithm where nite pre ision an a e t us: initialisation; the Fourier transform; the ora le; the inverse Fourier transform; and
the nal measurement. The nal measurement ase is already solved so we now
dis uss the onsequen es of errors in initialisation, Fourier transform (plus inverse) and the ora le query. We onsider ea h error individually before looking
at ombinations.
: Suppose we have the idealised algorithm, but with nite
pre ision in the initial state. Instead of an initial qunat state jx0 i we an have a
state with a wavefun tion
Z
(x) jxi dx;
(10)
Initialisation errors
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or we an have an initial qunat drawn from a probability distribution (dis rete
or ontinuous) around jx0 i. Assuming in nite pre ision throughout the rest of
the algorithm, if the fun tion is onstant then the output will trivially be the
input state and if balan ed the output will be orthogonal to the input state.
We will dis uss the ase where the initial state is de nitely a qunat as general
wavefun tions will extend by onsidering them as superpositions of qunats and
are too general to dis uss here. One example are the highly-squeezed oherent
states, as dis ussed in se tion 3
Due to the orthogonality of qunat states - hy jxi = Æ (x y ) - a measurement
of a qunat state whi h is not the intended jx0 i ould on eivably be the output of
the algorithm with a balan ed fun tion when the fun tion was a tually onstant.
This is highly implausible, but potentially possible. Sin e the initially-intended
state is arbitrary, running the algorithm a few times with di erent inputs should
eliminate the possibility of onfusing the onstant and balan ed ases, even with
allowing a margin for error in the initialisation of the input. Therefore if we
are areful, nite pre ision in preparing the input qunat should not a e t the
algorithm's su ess.

Ora le errors : Now suppose that our nite pre ision is in the ora le itself.
There are three possible ases:
1.
2.
3.

Uf jai jbi ! jai jb + f (a + a)i
Uf jai jbi ! jai jb + b + f (a)i
Uf jai jbi ! jai jb + b + f (a + a)i

Case 1 orresponds to when the ora le has an error with inputting, ase 2 is
an error in the output and ase 3 is a ombined error of the other two and so
doesn't need addressing separately. Suppose we have ase 1. If f is a onstant
fun tion then this error will not a e t the out ome of the algorithm at all as
f (a) = f (b) 8a;b. On the other hand, if f is a balan ed fun tion then we ould
potentially run into problems, depending on the exa t distribution of the error
and the pre ise fun tion onsidered. It is very likely we will still end up with an
e e tive fun tion whi h is extremely lose to balan ed when onsidered over the
whole range of values but the potential for errors remains.
For example, onsider the balan ed fun tion

f (x) =

(

Were the error fun tion to be

a (a) =

1 if 1  x (mod2) < 2
:
0 if 0  x (mod2) < 1

(

1 if 1  a (mod2) < 2
;
0 if 0  a (mod2) < 1

(11)

(12)

then this would e e tively onvert the balan ed fun tion into a onstant one. It
be omes lear from the example, however, quite how ontrived the error fun tion
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would have to be in order to line up to turn the balan ed fun tion very far from
balan ed. For a ompletely onstant fun tion we re over the initial state with
ertainty and for a ompletely balan ed fun tion we get an output state whi h
is orthogonal to the initial state. As the fun tion be omes progressively less
balan ed and more onstant2 the output state gets loser to the original state.
Case 2 depends on the distribution of the error b. If b is a onstant
then the error will serve as nothing more than a global phase shift and will be
undete table by any experiment as it does not a e t the omputation. When
b is more random we an run into more serious problems. This is likely to
obfus ate the answer as it introdu es tiny random phase shifts all the way along
the an illa mode in the entangled state.

Fourier transform errors : Finally we might onsider an error in the Fourier

transform. Considered in position-momentum phase spa e, the Fourier transform
is a =2-rotation anti- lo kwise about the origin and the inverse Fourier transform is a =2-rotation. An error, therefore, would orrespond to a rotation of
=2+  and instead of an in nitely-squeezed momentum state we would have a
state whi h is in nitely-squeezed in a rotated quadrature, x^=2+ . The errored
Fourier Transform is

F^ jx0i = p

1
os 

Z

1
os 

Z

and its inverse is

F^ 1 jx0i =

p



exp

exp





ix0 x + tan x2  dx
os 
2
ix0 x
os 



tan x2
dx:
2

(13)

(14)

The output at the end of the algorithm would therefore be
1
2 os2 

+i tan 

Z

exp

x2 + y2



ix (x0 x0) + iy   y0 2f (x) sin 
os 
os  2

x) i tan  (f (x))2 jx0 ;y0 i dv
x02 y02 2ifos(

(15)

f 2 Rjf (x) = 0g)

Æ=

where v = fx;y;x0 ;y 0 g. This returns the regular algorithm for  = 0.
The output state is quite noisy and a de nitive result is unlikely be found.
The e e t of this might be lessened when we onsider an input state whi h is not
in nitely-squeezed. As this state does not have support a ross an in nite line in
phase-spa e the e e ts of a bad rotation will be lessened.
The algorithm is therefore very robust ex ept in a few key areas where errors
destroy the ertainty of su ess. Errors in the initial state, the ora le input and
the output measurement will not hinder us but errors in the ora le output and the
Fourier transform may be problemati . Also, the exa t nature of the input state
2

A slightly unbalan ed fun tion would be one for whi h  ( x

f 2 Rjf (x) = 1g) + Æ for some small Æ.

( x
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doesn't appear to matter, what is important is being able to de ide if the output
is the initial state or something orthogonal with a high degree of on den e.
Using states whi h are perfe tly measurable in our physi al devi e will lead to
a perfe t algorithm. Qunats are an obvious andidate under these desires but
they do not exist physi ally. However, highly-squeezed Gaussian states are good
enough approximations to the essentially in nitely-squeezed qunats. Depending
on the measurement apparatus, it appears that we don't require a high level of
squeezing for the algorithm to work, but more squeezing in reases the on den e
we have in our algorithm having determined the orre t answer su essfully.
Combining the errors an be seen by analysing the omposition of the errors but
there are too many ombinations to onsider here.

5

Con lusion

We have taken an ar hetypal algorithm from dis rete-variable quantum omputing and onsidered a realisti ontinuous-variable equivalent. This algorithm is
probabilisti with a very high probability of su ess (perfe t with ideal measurement apparatus) and ompares well with the lassi al probabilisti algorithm.
We then looked at the e e ts of errors at ea h stage of the original qunat-version
of the algorithm and how well the algorithm an deal with those errors. Ex ept
for in a few steps the algorithm is very robust to errors; the on den e we have in
the su ess of the algorithm depends on the states we use as inputs and how lose
they are to Qunat states. Assuming su h an ora le ould be found, the algorithm
is highly-implementable in laboratory onditions with urrent te hnology

6
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Introduction
- BZ reaction for computation
- Maze solving, Logic gates, Voronoi diagram
- Reaction time is limited by initial concentration of chemicals.
- Although optical control (with Ru(bpy)3) is possible, it is not directly.

Nonlinear optical phenomena
- Method to evaluate anisotropy
- Application for all optical device
Most researches concentrate on behavior of zero dimension.
- We investigate two-dimensional system :
Expansion in lateral direction by thermal diffusion is achievable.

- New proposal in this work: Liquid crystal (LC)-PNIPAAm system
- Similar function to reaction diffusion system can be realized.
- Direct control by light is possible.
- Operation time is principally limitless.
- Solid-state system with external energy supply
In this presentation, numerical simulation of the system is presented.

Previous presentation (CSD10, June, 2010) :
Two-dimensional nonlinear Fabry Perot interferometer was demonstrated.

Principle
Material property

Device configuration and operation mechanism

PNIPAAm (Poly (N-isopropylacrylamide))

Liquid crystal (5CB; 4-cyano-4`-n-pentyl-biphenyl))

Temperature responsible hydrogel polymer.
It becomes opaque when heated, because
of hydrophobic interaction.
(At a temperature higher than LCST,
polymer chains take globular conformation
and scatter light.)

ΔT

Nematic
(< 35 °C)
Opaque

Extended
structure

Isotropic
(> 35 °C)
Transparent

-ΔT

T2 T1

Light

(a)
PNIPAAm

Globular
structure

ΔT

-ΔT

PNIPAAm: opaque to transparent T2 > TLCST (fig. e)

Target pattern

∂T1
= D∇ 2T1 + I A1 A2 − k1 T1
∂t
Transmittance (A1, A2)

Time

Simulation results

Simulation scheme

PNIPAAm

LC

(1)

A1 = C1 (

1
+ B1 )
1+ exp[−G1 (T1 − H1 )]

A2 = C2 (
Temperature

PNIPAAm

(e)

LC : transparent to opaque T1 < TPT (fig. d)

Simulation scheme

€

(d)

PNIPAAm : transparent to opaque T2 > TLCST (fig. c)
Decrease of light transmittance
Decrease of temperature

LCST TLCST = 32 °C
(Lower critical solution temperature)

LC

(c)

LC : opaque (Nematic ) to transparent (isotropic) T1 > TPT (fig. b)
Increase of light transmittance
Increase of PNIPAAm temperature T2

H 2O

Photo of
a sample

(b)
LC

Light irradiation
Increase of LC temperature T1 (fig. a)

Conformation of
a polymer chain

Phase transition temperature TPT = 35 °C

T1
T2

TPT
TLCST

€

1
+ B2 )
1+ Exp[G2 (T2 − H 2 )]

∂T2
= D∇ 2T2 + L(T1 − T2 ) − k2 T2
∂t
€

t = 20

t=0

t = 40

t = 100

I = 170.06
D = 3 x 10-6
Periodic boundary condition
T0 = 14 + x50 (x is random number, which range is 0

t = 1400

x < 1.1)

Spiral pattern

(2)

Glass
PNIPAAm

LC

t = 40

€
T2

T1
L(T1-T2) IA1A2

k2T2

T : Temperature
D : Diffusion coefficient
I : Light intensity
A : Transmittance
(Sigmoid functions)
k : Heat dissipation
coefficient
L : Heat conduction
coefficient

Typical values
D = 0.000003,
I = 220,
K1 =1, k2 =1, L = 1,
G1 = 1, G2 = 1,
H1 = 20, H2 = 10,
B1 = 0.1, B2 = 0.
C1 =0.91 , C2 = 1

t = 200

t = 1010

t = 1090

t = 2000

I = 170.06
D = 3 x 10-6
Periodic boundary condition
Iseed = 187.067 (0 t < 1000)
Maze solving

Iwall = 163.9

k1T1

Simulation in zero-dimension ( D = 0)

t = 440

t = 910

t = 2500

t = 4150

t = 4800

Goal
Transmittance (A1, A2)
Temperature (T1, T2)

Temperatures (T1, T2) present
oscillatory change.
Excitability

Time
(Calculation step)

Start (Istart = 170.049)

Ipath = 170.093

Summary
- We demonstrated a light driven excitable system based on combined phase transition of
LC and PNIPAAm by numerical simulation.
- Target and spiral patterns were formed, and maze solving function was demonstrated.
- Advantages over BZ reaction system:
It is a solid-state system with external energy supply.
Direct control by light is possible.
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Amoaba-inspired Decision-making Model
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Abstract. In the so-called amoeba-based computing, some computing
tasks including combinatorial optimization are performed by a singlecelled amoeboid organism, the true slime mold Physarum polycephalum.
We expect that living organisms are good at dealing with some kind of
problems. The “multi-armed bandit problem (BP)” would be the one
of such problems. The “tug-of-war (TOW) model” is a decision-making
algorithm for solving the BP, which was inspired by the photoavoidance
behavior of the amoeba. In the TOW model, a number of branches of the
amoeba act as search agents to collect information on light stimuli while
conserving the total sum of their volumes. The volume conservation law
produces nonlocally-correlated search movements of the branches. Previously we showed that the nonlocal correlation can be advantageous for
managing the “exploration–exploitation dilemma,” which is the tradeoﬀ between the accuracy and speed in solving the BP. In this study,
we investigate physical mechanism of which the volume conservation law
produces the performance enhancements in terms of the average accuracy
rate and adaptability.
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Abstract
If physicalism is true, everything is physical. In other words, everything supervenes on, or is necessitated by, the physical. Accordingly, if there are logical/mathematical facts, they must be necessitated by the physical facts of the world.
The aim of this paper is to clarify what logical/mathematical facts actually are and
how these facts can be accommodated in a purely physical ontology.

If physicalism is true, everything is physical. In other words, everything supervenes
on, or is necessitated by, the physical. Accordingly, if there are logical/mathematical
facts, they must be necessitated by the physical facts of the world. The aim of a physicalist philosophy of mathematics, which was outlined in (Szabó 2003), is to clarify
what logical/mathematical facts actually are, and to explain how these facts can be accommodated in a purely physical ontology. In this paper I shall articulate the basic
ideas, and provide a few more arguments for such a radical physicalist interpretation of
formal logic and mathematics.
This might sound like immanent realism (as in Mill 1843, Armstrong 1978, Kitcher
1984, or Maddy 1990), according to which the mathematical concepts and propositions
reflect some fundamental features of the physical world. Although, in my final conclusion I claim that mathematical and logical truths are, in a sophisticated sense, about
some peculiar part of the physical world, I reject the idea, as this thesis is usually understood, that mathematics is about the physical world in general. In contrast, the view
I propose is based on the strongest formalist approach to mathematics.
According to formalism, mathematical objects carry no meanings. “The formulas
are not about anything; they are just strings of symbols” (Davis and Hersh 1981, p.
319). Hilbert characterized mathematics as a game played according to certain simple
rules with meaningless marks on paper. (Bell 1951, p. 38). That’s all. The words
in a formal system have no meaning other than that which may be given to them by
the axioms. As Hilbert—allegedly—expressed this idea in a famous aphorism about
Euclidean geometry: “One must be able to say at all times—instead of points, straight
lines, and planes—tables, chairs, and beer mugs” (Fang 1970, p. 81).
According to the formalist standards, no step of reasoning can be taken without a
reference to an exactly formulated list of axioms and rules of inference. Even the most
“self-evident” logical principles must be explicitly formulated in the list of axioms and
rules.

1
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Two different kinds of truth in a physical theory
To avoid any misunderstanding later in the paper, let us first clarify the essential difference between mathematical truth and a semantical truth in a physical theory describing
something in the world. A physical theory (L, S) is a formal system L with a partial
semantics S, where S is pointing to the empirical world. In general, L is a (first-order)
formal language with some logical axioms and the derivation rules (usually the firstorder predicate calculus with identity), the axioms of certain mathematical theories,
and, of course, some physical axioms.
Now, a sentence A in physical theory (L, S) can be “true” in the following two
senses:
Truth1 :
Truth2 :

L ` A, that is, A is a theorem of L (which is a fact of the formal system L).

According to the semantics S, A refers to an empirically expressible state
of affairs in the physical world, and this state of affairs is in fact the case
(a fact of the physical system described by the theory).

’ is a theorem of
For example, ‘The electric field strength of a point charge is kQ
r2
Maxwell’s electrodynamics—one can derive the corresponding formal expression from
the Maxwell equations. (This is a fact of the formal system L.) On the other hand, according to the semantics relating the symbols of the Maxwell theory to the empirical
terms, this sentence corresponds to an empirical fact (about the point charges).
From epistemological point of view, Truth1 and Truth2 are different and independent concepts, in the sense that one does not automatically imply the other. Of course,
one of the aims of a physical theory is to keep Truth1 and Truth2 in synchrony throughout the region of validity of the theory in question. However, assume that Γ is a set of
true2 sentences in L, i.e., each sentence in Γ refers to an empirical fact, and also assume
that Γ ` A in L. It does not automatically follow that A is true2 . Whether A is true2 is
again an empirical question. If so, then it is a new empirically obtained information
about the world, confirming the validity of the whole physical theory (L, S).
But if it turns out that A is not true2 , then this information falsifies the physical
theory, as a whole. That is to say, one has to think about revising one of the constituents
of (L, S), the physical axioms, the semantics S, the mathematical axioms, or the axioms
of logic or the derivation rules we applied in the derivation of A—usually in this order.

Mathematical propositions have no meanings
Having clarified these two kinds of “truth”, it is worthwhile briefly reviewing the main
argument for the formalist thesis that mathematical propositions have no meanings—
even if, as platonists and intuitionists assume, these meanings would refer not to the
physical but to the platonic or to the mental realms. The argument is, in some weak
sense, based on the truth-condition theory of meaning. If we accept that “a meaning
for a sentence is something that determines the conditions under which the sentence
is true or false” (Lewis 1972, p. 173), and the physical realist/platonist/intuitionist
understanding of mathematics is correct, then the truth-condition of a mathematical
proposition must be found in the physical/platonic/mental world. In that case, in the
verification of a mathematical statement, there must occur some reference both to the
state of affairs in the physical/platonic/mental world and to the means by which we
have epistemic access to these worlds. But there is no trace of this in the practice of
mathematics.
2
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Alphabet
variables
individual constants
function symbols
predicate symbol

others
logical symbols

x, y, z, . . .
e
i, p
=
(, ), ,
∀, ¬ →

(identity)
(inverse, product)

Derivation rules
(MP)
(G)

φ , (φ → ψ) ⇒ ψ
φ ⇒ ∀xφ

(modus ponens)
(generalization)

Axioms I. (logical)
(PC1)
(PC2)
(PC3)
(PC4)
(PC5)
(PC6)
(E1)
(E2)
(E3)

(φ → (ψ → φ ))
((φ → (ψ → χ)) → (φ → ψ) → (φ → χ))
((¬φ → ¬ψ) → (ψ → φ ))
(∀x (φ → ψ) → (φ → ∀xψ)) (given that x is not free in φ )
(∀xφ → φ ) (given that x is not free in φ )
(∀xφ (x) → φ (y)) (given that whenever a free occurrence of x is
replaced by y, y is free in φ (y))
x=x
t = s → f n (u1 , u2 , . . . ,t, . . . un ) = f n (u1 , u2 , . . . , s, . . . un )
t = s → (φ (u1 , u2 , . . . ,t, . . . un ) → φ (u1 , u2 , . . . , s, . . . un ))

Axioms II. (of group theory)
(G1)
(G2)
(G3)

p(p(x, y), z) = p(x, p(y, z))
p(e, x) = x
p(i(x), x) = e

(associative law)
(left identity)
(left inverse)

Figure 1: Group theory
For example, consider a very simple mathematical theory: the theory of groups
(Fig. 1). What will the mathematician answer to the following questions: “Why is
p(e, p(e, e)) = e true?”; “How do we know that p(e, p(e, e)) = e is true?”; “How can we
verify that p(e, p(e, e)) = e is true?”? In answering these question, the mathematician
never even mentions how the things are in the physical/platonic/mental world and never
even mentions the epistemic means by which we have access to these realms. For the
mathematician’s final argument is that sentence p(e, p(e, e)) = e has a proof in group
theory; and (s)he will show us an evidence like in Fig. 2. In Dummett’s words:
Like the empiricist view, the platonist one fails to do justice to the role
of proof in mathematics. For, presumably, the supra-sensible realm is as
much God’s creature as is the sensible one; if so, conditions in it must be
as contingent as in the latter. [...] [W]e do not seek, in order to refute
or confirm a [mathematical] hypothesis, a means of refining our intuitive
faculties, as astronomers seek to improve their instruments. Rather, if we
suppose the hypothesis true, we seek for a proof of it, and it remains a
3
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(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

p(e, x) = x
(∀x)(p(e, x) = x)
(∀x)(p(e, x) = x) → p(e, e) = e
p(e, e) = e
(∀x)(p(e, x) = x) → p(e, p(e, e)) = p(e, e)
p(e, p(e, e)) = p(e, e)
p(e, e) = e → p(e, p(e, e)) = p(e, e) → p(e, p(e, e)) = e
p(e, p(e, e)) = p(e, e) → p(e, p(e, e)) = e
p(e, p(e, e)) = e

(G2)
(G)
(PC6)
(2), (3), (MP)
(PC6)
(2), (5), (MP)
(E3)
(4), (7), (MP)
(6), (8), (MP)

Figure 2: The proof of p(e, p(e, e)) = e
mere hypothesis, whose assertion would therefore be unwarranted, until
we find one. (Dummett 1994, p. 13)
Therefore, a mathematical proposition (like “p(e, p(e, e)) = e”) does not have meaning;
it does not refer to anything and cannot be true or false in the ordinary semantical sense
(in the sense of Truth2 ). It is actually not a linguistic object, it is just a “brick” in a
formal system—consequently, it does not express a fact whatsoever.
It is important to note that one must not confuse such a mathematical “brick” with
the meta-mathematical sentence stating the provability of this “brick”; for example,
“p(e, p(e, e)) = e” with “{Group} ` p(e, p(e, e)) = e”. The latter is a meaningful metamathematical sentence, asserting a property of the formal system called group theory,
namely that there is a proof of p(e, p(e, e)) = e in the system. The validity of this
statement can be verified by the close observation of Figure 2. This is what can be
considered as a mathematical fact.

Ontology of formal systems
Now we arrive at the point where the physicalist approach I propose becomes different
from the standard formalist philosophy of mathematics. The question we are asking
now is: Where are the states of affairs located in the ontological picture of the world
that make the meta-mathematical propositions like “{Group} ` p(e, p(e, e)) = e” true
or false? My main thesis is that a formal system must be regarded as a physical system
which consists of signs and derivational mechanisms embodied in concrete physical
objects and concrete physical processes. Therefore, a Σ ` φ -type meta-mathematical
proposition expresses an objective fact of the physical world, namely, a fact of the
formal system itself as a particular portion of the physical world.
I will argue for this physicalist account of formal systems in three steps. I shall
show that
(I)

A formal systems can be represented in a physical system.

(II)

We have access to a formal systems only in some concrete physical representation.

(III)

Actually, there is nothing to be “represented”; there is nothing beyond the
flesh and blood physical “representations”.

4
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Notebook

Figure 3: A formal system represented in a notebook with a CD. The CD contains a
program making the computer to list the theorems of the formal system
(I) Let me start with a commonly accepted view. Imagine a notebook with an inserted CD (Fig. 3). The CD contains a program completely determining the notebook’s
behavior: in some order, the computer lists the theorems and the proofs of a formal
system. I think, it is commonly accepted to say that in the “computer + CD” system we
have “a physical representation of the formal system” in question. In this representation, it is obviously true that the fact of whether or not a given formula φ is a theorem,
that is, whether or not the computer will print out formula φ to the screen, is a fact
of the physical world; namely, it is entirely determined by the physical process going
on within the region symbolized by the dotted line (Fig. 3); it is predetermined by the
physical laws and the initial state of the computer and the CD—note that a “program”
is nothing but a certain physical state of the surface of the CD. Thus, in this physical
representation, the statement that Σ ` φ is an ordinary scientific statement:
(1)

it expresses an objective fact of the physical world

(2)

it can be true before anybody discovers it

(3)

it is a posteriori, and accordingly, not necessary and not certain.

Points (1) and (2) are quite obvious; they are straightforward consequences of the fact
that Σ ` φ asserts the existence of a physical process inside of the dotted line, irrespectively of whether anybody observes this process or not, and irrespectively of the fact
that a computer is an artifact—a constellation in the physical world caused by mankind.
Point (2) holds even in a stronger sense. Σ ` φ actually asserts the existence of a physical process, given certain initial conditions within the dotted line—to be a ‘notebook +
CD’ in the initial state. The laws of nature probably predetermine whether this process
is possible or not, even if nobody has initiated such a process yet. This simply refers to
the normal situation in sciences. For example, it was true that the laws of nature admitted a chemical process ending with a plastic, say PVC (polyvinyl chloride), molecule,
even before the chemist Eugen Baumann discovered the existence of this process in
1872. And this is true, even if there had been no PVC molecule in the universe before
Baumann.
Point (3) sounds baffling, especially in the light of the age-long dispute between
rationalism and empiricism. We will return to this issue in the last section. At this
stage, however, we are only concerned with the “physical representation of the formal
system”; and, in this physical representation, Σ ` φ is no doubt a contingent fact of the
physical world inside of the dotted line, the knowledge of which cannot be necessary,
5
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certain, or a priori. It can be known only by a posteriori means, just like a chemical
reaction.
(II) What causes us to believe that, although it cannot be known a priori whether the
computer will print out formula φ to the screen, still Σ ` φ “in the mathematical sense”
is a necessary/a priori knowable truth? This belief comes from the following intuition:
“The programmed computer is merely a physical representation of an abstract mathematical formal system in which Σ ` φ is true. If this physical representation is faithful
then the computer necessarily prints out formula φ to the screen. If the computer happens not to print out φ to the screen, it only means that the physical representation is
not faithful.” But how can anybody know that Σ ` φ is true in the formal system “in the
mathematical sense”? The usual idea is that it can be known to anyone who executes
the formal derivation of φ from Σ in the head. So what we actually do is represent the
formal system in a brain and observe the behavior of the brain. Human brain is however
not entirely reliable, so we prefer to execute the derivation in a brain+hand+pen+paper
system. Anyway, from a physicalist point of view, it does not matter whether the formal system in question is represented in a human brain or a brain+hand+pen+paper
system or any other physical system. As a matter of fact, we can represent the formal
system in the mathematical sense in another computer; and if this second computer
prints out φ , we say that Σ ` φ is a priori true; and, accordingly, if the first computer
also prints out φ to the screen, we say that it works properly; and the representation
of the abstract/mathematical formal system in the first computer is faithful. But what
would be the reason to put the second computer in such a privileged position? Upon
what grounds can one physical representation be singled out as “the right one”? It is
nonsense.
We have to recognize that the only sources of our mathematical knowledge are
the formal systems embodied in concrete physical forms; and this knowledge can be
obtained only by a posteriori means. From this point of view we must agree with the
quantum computer theorists David Deutsch, Artur Ekert, and Rossella Lupacchini:
Numbers, sets, groups and algebras have an autonomous reality quite independent of what the laws of physics decree, and the properties of these
mathematical structures can be just as objective as Plato believed they were
(and as Roger Penrose now advocates). But they are revealed to us only
through the physical world. It is only physical objects, such as computers or human brains, that ever give us glimpses of the abstract world of
mathematics.
..
.
It seems that we have no choice but to recognize the dependence of our
mathematical knowledge (though not, we stress, of mathematical truth itself) on physics, and that being so, it is time to abandon the classical view
of computation as a purely logical notion independent of that of computation as a physical process. (Deutsch, Ekert, and Lupacchini 2000, pp. 265–
283)
(III) In contrast to the first part of the above quoted passage, in my view, the ontological outcome of these epistemological considerations is the following: if there are
no knowable truths other than the ones knowable from the physical world, there is no
reason to be ontologically committed to the abstract/platonic things that these other
6
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truths would be about. But before drawing such a conclusion, let us consider a possible
objection.
Many philosophers of mathematics, while admitting that a formal system is always
represented in physical form, still assume that there is an “abstract structure” behind
this physical representation, something that is represented. Sometimes we find the
same ambivalent views in the formalist school. Curry writes:
[A]lthough a formal system may be represented in various ways, yet the
theorems derived according to the specifications of the primitive frame remain true without regard to changes in representation. There is, therefore,
a sense in which the primitive frame defines a formal system as a unique
object of thought. This does not mean that there is a hypostatized entity
called a formal system which exists independently of any representation.
On the contrary, in order to think of a formal system at all we must think
of it as represented somehow. But when we think of it as formal system
we abstract from all properties peculiar to the representation. (Curry 1951,
p. 30)
But, what does such an “abstraction” actually mean? What do we obtain if we abstract from some unimportant, peculiar properties of a physical system L constituting
a “physical representation of a formal system”? In order to think of this abstraction at
all, in order to differentiate the important and unimportant features of physical system
L, and to change from a more detailed representation of the system to a less detailed
one, we must have a physical theory (M, S) describing the physical system L in question. That is to say, the whole abstraction—the result of the abstraction included—is
described in (M, S). However, the formal system M also is “represented somehow”, in
Curry’s terminology; it is another flesh and blood formal system. So, instead of obtaining a non-physical “abstract formal system” we remain to have flesh and blood formal
systems.
Similarly, one cannot obtain an abstract formal system as an “equivalence class of
isomorphic” flesh and blood formal systems L1 , L2 , . . . Ln . To compare physical systems
L1 , L2 , . . . Ln we have to use a physical theory (M, S) which is capable of describing
all L1 , L2 , . . . Ln together (Fig. 4). Only in a suitable M it is meaningful to say that the
theoretical representations of L1 , L2 , . . . Ln are isomorphic and constitute an equivalence
class. Only in M we can define the prototype of these structures, which can be regarded
as an “abstract mathematical structure”. But, all these objects live in the formal system
M which also is “represented somehow”, that is, in a formal system existing in the
physical world.
Thus, formal systems are always flesh and blood physical systems. These concrete
physical systems should not be regarded as physical “representations” of some “abstract formal systems”. Abstraction does not produce such abstract things over and
above the physically existing formal systems—abstraction is a move from the concrete
to the concrete.
Note that this claim does not deny the commitment to universals in the sense of
scientific realism. When a satisfactorily confirmed physical theory (L, S) claims that
a physical object has a certain property adequately represented by means of a formal
system L, then this reflects an objective feature of physical reality. When many different
physical objects display a similar property that is describable by means of the same
element of a formal system, then we may claim that these physical objects all possess
the feature in question. This will be a true common feature of the group of objects in
question—described by means of the elements of a formal system as a real physical
7
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theoretical model
of L1

M
S
L1

theoretical model
of L2

S
L2
.

.

.

.

.

.

isomorphisms
theoretical model
of Ln

S
Ln

equivalence class

prototype
"abstract formal system"

Figure 4: It is a categorical mistake to talk about “isomorphism” between physical
systems. “Isomorphism” is a concept which is meaningful only in a formal system
containing set theory. In order to say that “physical representations of formal systems”
are “isomorphic” we need a physical theory (M, S) in which the object systems are
simultaneously represented
system. This is also true for the description of some general features of a group of
formal systems (as physical objects). But, this realist commitment does not entitle
us to claim that “abstract structures” exist over and above the real formal systems of
physical existence. Again, the reason is that if we tried to consider such an “abstract
structure” as a feature of the formal system itself, or as a general feature of many
similar formal systems, then we would only obtain some elements of another formal
system of physical existence.
Finally, in view of what has been said, two consequences must be quite clear. First,
the formal system L used in a physical theory (L, S) is itself a physical system.1 Second,
a meta-mathematical theory describing a formal system L1 is nothing but a physical
theory (L2 , S), where L2 is a formal system (of physical existence) and the semantics S
points to the object formal system L1 (as the physical system to be described).
To sum up, a formal system is a part of the physical world; the marks of the formal system are physical objects or physical phenomena related to the system and the
derivation rules are embodied in those regularities that govern the system’s behavior.
The existence of a mathematical derivation, making a proposition of type Σ ` φ true, is
a physical fact of the formal system as a part of the physical world. To prove a theorem
is nothing but to observe this fact—for example, to observe a derivation process in a
computer—that is, to observe a physical fact about a physical system. That is all.
Thus, physicalist account of mathematics completes the formalist foundation of
mathematics, and removes the last residues of platonism, mentalism and immanent
1 Without

entering into the details, a semantics S also can be accounted for in physical terms.
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realism.2 The physicalist ontology of mathematical truth makes it completely pointless
in mathematics to introduce a concept of truth different from that of being proved. A
mathematical proposition, a theorem, as a formula in a formal system, does not carry
meaning and semantic truth. At the same time, however, the fact that it is a theorem is
a physical fact—a fact of the flesh and blood formal system itself. In this way, indeed,
“mathematical truth is a part of objective reality” (Cf. Hardy 1929).
This is the way I propose to naturalize mathematics. In this way, mathematical
knowledge is not conventional—there is nothing conventional in the statement Σ ` X.
It is not trivial—sometimes it is highly non-trivial whether Σ ` X. It is not perfect, not
a priori, and not certain. Just like non-mathematical sciences, mathematics delivers
to us knowledge of contingent facts about a particular part of the physical world. Formal systems constitute this particular part of the physical world. This is what we can
call “mathematical reality”, and mathematicians rightly think themselves as scientists,
exploring the intricacies of mathematical reality.

Induction versus deduction
We have arrived at the conclusion that the knowledge we obtain through a deductive
inference is nothing but an empirical knowledge we obtain through the observation of
the formal system in question; through the observation of a physical fact of a physical
system. Consequently, the certainty of mathematics, that is the degree of certainty with
which one can know the result of a deductive inference, is the same as the degree of
certainty of our knowledge about any other physical facts.
In order to explain the universal conviction that mathematical truths are necessary
and certain, notice that there are many elements of our everyday knowledge which seem
to be necessary and certain, but are actually obtained from inductive generalization.
Break a long stick. We are “sure” about the outcome: the result is a shorter stick.
This regularity of the physical world is known to us from experiences. The certainty
of this knowledge is, however, no less than the certainty of the inference, say, from the
Euclidean axioms to the height theorem.
Thus, mathematical and logical truths express objective facts of a particular part
of the physical world, namely, the facts of the formal systems themselves. They are
synthetic, a posteriori, not necessary, and not certain; they are fallible, but have contingent factual content, as any similar scientific assertion. On the other hand, the fact
that the formal systems usually are simple physical systems of stable behavior and that
the knowledge of mathematical and logical truths does not require observations of the
world external to the formal systems explains, psychologically, why mathematical and
logical truths appear to everyone to be necessary, certain and a priori.
The age-long rationalist–empiricist debate is based on the delusion that reasoning
can deliver us truth of higher degree of certainty than inductive generalization. As we
2 In order to make clear the distinction between my physicalist interpretation of mathematics and immanent realism, let me give one more example. ’a2 + b2 = c2 ’ is a theorem of Euclidean geometry,
{Euclidean} ` a2 + b2 = c2 . According to immanent realism, ’a2 + b2 = c2 ’ reflects some general truth
about the real triangles in the physical world. Or at least, in the sense of the structuralist version of realism, the axiomatic theory “Euclidean geometry”, as a whole, expresses some true structural property of the
physical world; something about the congruence of rigid bodies, or the likes. Physicalism also claims that
{Euclidean} ` a2 + b2 = c2 expresses something in the physical world. But this something has nothing to do
with the physical triangles and rigid bodies. {Euclidean} ` a2 + b2 = c2 expresses a property of the formal
system “Euclidean geometry”, a property of the physical system consisting of the signs and the derivation
mechanisms.
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have seen, mathematical and logical truth is nothing but knowledge obtained through
inductive generalization from experiences with respect to a particular physical system,
the formal system itself. Since mathematical and logical derivation is reasoning par
excellence, one must conclude that there is no higher degree of certainty than the one
available in inductive generalization.
The research was partly supported by the OTKA Foundation, No.K 68043.
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Abstract
Gödel’s incompleteness theorem can be seen as a limitation result of usual computing theory : it
does not exist a (finite) software that take as input a formula of order one on the integers and able to
give as output (after a finite number of computations and with always a right answer) if this formula
is true or false. There are also many other limitations of usual computing theory that can be seen as
generalizations of Gödel incompleteness theorem: for example the halting problem, Rice theorem, etc.
In this paper, we will study what happens when we study more powerful computing devices : these
“transfinite devices” will be able to perform α classical computations and to use α bits of memory, where
α is a fixed infinite cardinal. For example, α = ℵ0 (the countable cardinal, i.e. the cardinal of N),
or α = C(the cardinal of R). We will see that for these “transfinite devices” almost all the limitations
results have relatively simple generalizations.

1

Introduction

Gödel famous incompleteness theorem was first presented on October 7, 1930, at the first international
conference of mathematic philosophy, at Königsberg. This result of 1930 can be seen as a limitation result
of usual computing theory: it does not exist a (finite) software that take as input a formula of order
one on the integers and able to give as output (after a finite number of computations and with always a
right answer) if this formula is true or false. In 1930 no real computer existed yet, but the mathematical
analysis of the functions that can be effectively computed with (finite) software (i.e. “recursive functions”)
had began. Gödel was also studying set of axioms such that there was a (effective, finite, recursive)
computing way to know if a given formula was a member of these axioms or not.
What will happen if we consider more powerful computing devices ? For example if we include in the
set of Axioms all formulas of order one that are true on N (with the standard interpretation of addition
and multiplication) we will obtain a complete set of axioms (i.e. with no undecidable and contradictory
formulas), but it is not possible with a classical software to know if a given formula is one of the Axioms
or not. In this paper we will study what happens when we use “transfinite softwares”, i.e. software that
can be run on “transfinite computers”, and this means generalized computers that can perform α classical
computations and use α bits of memory, where α is a fixed infinite cardinal. These transfinite computers
are able to perform more things than classical computers, but, in another way, we can ask about their
possibilities more “transfinite questions” that can be seen as generalizations of computations questions. In
fact, as we will see, it is possible to generalize almost all the classical results of limitation of the computation
theory with this framework. Such generalization is not totally new. In [5] and in some references mentioned
in [5], some problems linked with “Totality, Knowledge and Truth”, and “Incompleteness” are mentioned,
and in [5] it is clearly explained that the fact that some limitation results can be generalized beyond the
classical theory of computation is known since many years. It seems however that an explicit description
of the main limitation theorems in our framework of “transfinite computers” has not been done yet. In [3]
1
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it is proved that any Turing machine that uses only a finite computational space for every input cannot
solve an uncomputational problem even when it runs in accelerated mode (unlike in this paper where
the memory will be infinite). In [5] the main subject is the problem of Totality of Knowledge and not α
calculability where α is a fixed cardinal. There is also some natural further work that we hope to obtain
in the near future, such as a generalization of the results of [1] in our framework.

2

Our transfinite computing model

General remarks
We will use the same transfinite computing model as in [12]. However in order for this paper to be self
contained we will explain in this section what this model is.
It is also important to notice that our limitation proofs and results below are very stable and generally
will not really depend on the chosen transfinite computing model, as long as this model is reasonably
natural and use sets (on classes instead of sets a specific analysis may be necessary and will not be
presented in this paper).
Transfinite computations
Let α be a fixed infinite cardinal. For example α = ℵ0 (the countable cardinal, i.e. the cardinal of N),
or α = C (the continuum, i.e. cardinal of R). Charlie, Bob, and Alice will be able to use “transfinite
computers” able to perform α computations and able to use α bits of memory. It is possible to describe
precisely this model of computations. Such a model has been specified in [13], [14], [6], [8], [9] for example.
In order for this paper to be self contained, we will however quickly give here some details about such
a possible model of computation. The general idea is to follow a generalization of the Church’s Thesis:
as soon as a computation will be clearly feasible with α bits of memory and α computations, we will
include it in the model. Moreover, the results of this paper will be very stable from little changes in the
infinite computation model. Readers familiar with Ordinal Turing Machines, (OTM), with tapes whose
cells are indexed by ordinals, as described in [8] can just not read this section 2 and go directly to section
3, since the new results of this paper are on transfinite cryptography, not on transfinite computers. We
will speak of “α programs”. We can assume that the memory is separated in 4 zones of bits: the input
memory, the program memory, the variables of computation memory, and the output memory. Without
loss of generality we can assume that the input memory is made of 1, or 2 (or more but ≤ α) inputs of
α bits. The program memory contains a well ordered set of α elementary operations. Thanks to the fact
that the program memory is well ordered, we can know at each “time” of the computation which is the
next operation to perform. The word “time” if of course here a generalized word, it means that when
any set of operations has been performed, we know precisely what is the next operation to be performed.
More precisely than “time”, it is the succession of some ordinals that we will use. To each operation T
at a certain place in the program we will associate an ordinal β, so we can say that T is the operation
number β, or of position β. Each elementary operation can be of two kinds: simple, or GOTO. A simple
elementary operation is a classic operation of present computer languages (such as C for example) on two
words of 64 bits for example such that these two words are chosen at the addresses a and b of the memory
and the result is stored at the address c of the memory. a and b can be addresses of the input memory,
or of the variables of computation memory. c can be an address of the variables of computation memory,
or of the output memory. a, b, and c are addresses of at most α bits and are associated with the current
operation. So each instruction of the program (operation and its position or number) can memorize a, b, c,
and the operation to be performed. Of course, it is possible to use any other classical computer language
instead of the C language, or to use words of 32 bits (or another length) instead of 64 bits. This will not
change the set of functions that we can compute. A special instruction is the “stop instruction”. When
this instruction is performed, the program stops and the output of the program is the value stored in the
α bits of the output memory. The GOTO operation is an operation of the form (if X = k) then GOTO
β where β is an ordinal. Thus this GOTO instruction says that the next instruction to be performed is
the instruction number β (or of position β), if a variable X of α bits is equal to the value k of α bits.
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(Note that β can be the ordinal smaller than the ordinal of the current GOTO instruction performed). If
X 6= k, to determine the next instruction we will follow, as for the simple instructions, the usual order of
the ordinals of the instructions. It is also possible to describe our model of transfinite computations with
generalized Turing machines.
Coding the instruction ordering
In the α bits of the program memory zone, there are various simple ways to describe the ordering (well
ordering) of the instructions. Let us give here an example for α = ℵ0 . (It is easy to generalize this example
for any cardinal α). Let P be an α program. By definition, we will call “ordinal of P ” the ordinal of the
(well ordered) set of all instructions of P . For example, if α = ℵ0 , this ordinal may be ω, or ω 3 . A
countable ordinal can be described as a good ordering on N. So each countable ordinal can be written as
a set of ℵ0 integers: for each integer n, we will give the list of all the integers m such that m < n for this
ordering. We need for this ≤ ℵ0 × ℵ0 bits. The “infinite processor” can like this find the first instruction
(no instruction is strictly smaller), and then, at each step, it can check all the integers in order to find the
next instruction to be performed.
Remark. A classical result on ordinals is that countable ordinals has cardinal ℵ1 (i.e. the smallest
non countable infinite cardinal). We know that ℵ1 ≤ C. (However we do not know if ℵ1 = C or not, this is
the famous undecidable problem called “continuum hypothesis”). Moreover each real number can be given
by ℵ0 bits. Therefore each countable ordinal can be given by ℵ0 bits. This is what we do here for the
ordinal of program P . What we have done here for α = ℵ0 can also be extended to any infinite cardinal
α since for any infinite cardinal α, we have α2 = α (with the axiom of choice).
Example. The function x → x2 on Q is a one way function in the model of infinite computation
of [15]. In our model of infinite computations, this function however is not a one way function. In order
to find a rational (or a real) x such that x2 = y with ℵ0 computations and ℵ0 bits of memory, we can, for
example, find all the bits of x, one by one. If we know that x is a rational number, then we can also try
all the rational numbers one by one (card Q = ℵ0 ) square them, and see if we get y. Here again we need
“only” ℵ0 computations and ℵ0 bits of memory.
Remark on the memory. On classical computers bits can have the value 0, or the value 1. In our
model of computation, it is possible to assume that the values can be 0, 1, or “not fixed”. The value “not
fixed” we will obtain for example when the bit has flipped from 0 to 1 and from 1 to 0 an infinity of times,
without being fixed since then at 0 or 1. However, it is possible to prove that if this value “not fixed” is
changed with 0 (or 1), the infinite model of computation will be the same (i.e. we will be able to compute
exactly the same functions), the model is slightly less natural.

3

Generalization of “recursively enumerable and not recursive sets”

The main aim of this paper is to show that that most of the classical limitation results of logic can be
generalized in our model of transfinite computations, and moreover with almost the same proofs as in
the case of classical computations. We will follow here mainly one of the classical ways to obtain such
limitation results (as in [10] or [11]) but it is also of course possible to generalize these proofs from other
redactions.

3.1

Definitions

Definition 1. We will say that a α-software “stops” or “gives the output after α computations” when this
α-software stops after performing at most α computations.
Definition 2. We will denote by Nα the set of all sequences of α bits. Therefore Nℵ0 can be identified
with the set R of all the real numbers, or with [0, 1] for example.
Definition 3. Let A be a subset of Nα. We will say by definition that A is recursive if and only if it
exist at least one α-software P such that when we give n ∈ Nα as input of P, P will be able to answer
after at most ≤ α operations if n ∈ A or n ∈
/ A.
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Definition 4. By definition we will say that A is recursively enumerable if and only if it exists at
least one α-software P such that when we give n ∈ Nα as input of P:
- If n ∈ A, then P will be able to answer n ∈ A after at most α operations.
- If n ∈
/ A, then P does not answer after α operations, or P will answer n ∈
/ A.
Definition 5. Let f be an application Nα → Nα. By definition, we will say that:
f is α recursive ⇔ it exist at least one α-software P such that: for all n ∈ Nα, when n is given as input
to P, P will give the output f (n) after performing at most α computations.
Remark. There are αα applications from Nα to Nα, and the number of α-softwares is ≤ α. Since
αα ≥ 2α > α (Cantor Theorem), we see that it exists some applications that are neither recursive nor
recursively enumerable.

3.2

Notations

α-Code of a α-software
We can associate very easily and injectively to each α-software T an element of Nα, named an α-code,
and denoted dT e.
Example: If α = ℵ0 , the indices of the instructions of T are countable ordinals, and the set of these
indices is countable. They form a well-ordering and this can be seen as a well-ordering on N. Such a
well-ordering on N can be described as follows: to each natural integer we associate the of integers that
are smaller than the given integer (for the well-ordering). There are ℵ0 such integers. Then for each
elementary instruction, we can associate 2 or 3 real numbers (for example the instruction “if (X = K)
then GOTO β”). Thus we can associate “simply” and injectively to such a software T , an application from
N to P(N) × R3 . Let B be the set of applications from N to P(N) × R3 . |B| = |R|; there exist “simples”
bijections from B to [0, 1]. So to each ℵ0 -software T , we can associate “simply” et injectively an element
of Nℵ0 which is its code.
Remark.
- This can be done for any α ≥ ℵ0 .
- By “simple”, “simply”, we mean that there exist α-softwares that take dT e as input, and then can find
the sequence of α instructions of T .
Software result
If B is an α-software and x an element of Nα, we denote by B(x) the result of software B when x is the
input: i.e, the value of the output memory (it is also an element of Nα) when the software stops after ≤ α
operations.
Software P
It is easy to see that there exists a α-software T which, when it is given x ∈ Nα as input:
1. “Find” the α-software X such that dXe = x if such a α-software X exists (This comes from the
code).
2. Execute the same instructions that X would execute with x as input. Thus we have:
∀n ∈ Nα, if there exists a α-software X such that dXe = x, then P (x) = X(x).

3.3

The basic theorem

Theorem 1 There exists A ⊂ Nα, α recursively enumerable, et non α recursive.
Proof : Let P be the α-software previously defined such that P (x) = X(x) (when there exists X a αsoftware with code x). Let
A = {x ∈ Nα, such that P (x) is computed in ≤ α computations}
1. Since A is defined by the α-software P , A is α recursively enumerable.
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2. If we suppose that A is α recursive, let q be the code of a α-software Q such that:
x∈
/ A ⇔ Q(x) is computed in ≤ α computations
Then
i.e.
i.e.

q ∈ A ⇔ P (q) is computed in ≤ α computations (by definition of A)
q ∈ A ⇔ Q(q) is computed in ≤ α computations (by definition of P )
q∈A⇔q∈
/ A (by definition of Q)

This is not possible. Thus A is not α recursive.

4



The halting problem, the decision problem

4.1

The decision problem

Theorem 2 There is no general algorithm, programmable with α-software, which could, using always ≤ α
computations, asserts if a mathematical proposition on elements of Nα or true or not.
Proof : It is enough to consider all the propositions of the form n ∈ A, where n ∈ Nα, and where A is the
set defined in section 3. Since A is not α recursive, there exists no α-software which, when applied to one
of these propositions n ∈ A can assert using ≤ α computations if this proposition is true of false.

Remarks:
1. we can also say that some properties that are true on chains of α bits are lost if we are limited to α
computations and α bits of memory, for any infinite cardinal α.
2. These mathematical proposition can be written with quantifiers ∀, ∃, the usual logic symbol and
the operators +, −, ×, ÷ and with ≤ α elementary finite formulas. We then get a generalization of
Gödel’s Incompleteness Theorem. (We just have to writeα-software with such formulas, which are
generalizations of order 1 classical formulas with α characters, which is always possible).

4.2

The halting problem

Theorem 3 There exists no α-software which can say with ≤ α computations if a program will stop in
≤ α operations.
Proof : In that case, we could apply the α program to write a α-software which, when it receive x ∈ Nα as
input could say in ≤ α operation if P (x) is computed in finite or non finite time. But A is not α recursive,
thus such a α-software do not exist.


5

Ordinal length of the computations on a α-softwares

Theorem 4 There exists no general α-software taking as input the code of a program T which stops in
≤ α computations, and give as output an ordinal ωα such that the cardinal of ωα is ≤ α and such that the
ordinal of the number of computations to be done before T stops is ≤ ωα .
Proof : If such a program exists, we could know with ≤ α computations is n ∈ A or n ∈
/ A. This is in
contradiction with the fact that A is not recursive (where A is the set defined in section 3). In that case,
it would be sufficient to stop after ωα computations to conclude that the program do not answer in ≤ α
computations.
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6

The fixed point theorem on α-softwares

Notation
Let z, x, y ∈ Nα, such that there exists a α-software Z whose code z has two entries: x et y. We denote
z[x, y] the output of the software Z on the entries x and y when this software stops in ≤ α computations.
Remark. If Z does not stop after ≤ α computations, we can consider that z[x, y] is the information “z
does not stop”.
Theorem 5 : Iteration Theorem. There exists an application α recursive with two variables s(x, y)
such that:
∀z, x, y ∈ Nα, z[x, y] = s(z, y)[x]
Justification
We consider the α-software s that performs the following operations when it is given z et y as inputs:
1. Find the sequence of instructions of theα-software Z with code z. (This is possible since the coding
is “simple”).
2. Compute the code of a software which with the input x ∈ Nα would simulate Z on the inputs x et
y. (Again this is possible since the coding is “simple”).
Then this α-software computes s(z, y) such that
∀z, x, y ∈ N, z[x, y] = s(z, y)[x]
Theorem 6 : The fixed point theorem on α-softwares. For all application α recursive, there exists
e ∈ N such that:
∀x ∈ N, e[x] = h(e)[x]
Remark. Any α-software can be written using a program with a single input (α2 = α since α is an infinite
cardinal). Thus the fixed point theorem on α-softwares can be written:
If “h is any recursive application α, there exists always a α-software with code e and a software with code
h(e) which on any input x ∈ Nα give the same output (and do not give output for the same x ∈ Nα).
Proof : Let f (x, y) = h(y)[x]. Since s(z, y) is α recursive, there exists d the code of a α-software with
computes f (x, s(y, y)). We have
∀x ∈ Nα, et ∀y ∈ Nα,
f (x, s(y, y))

= d[x, y]
(by definition of d)
= d(d, y)[x] (by definition of s)

Let e = d(d, d). With y = d, we find:
∀n ∈ Nα, f (x, e) = s(d, d)[x] = e[x]


Thus (by definition of f ), ∀x ∈ Nα, h(e)[x] = e[x].

7

Rice theorem on α-softwares

We define “α recursive semi-function”, any function f from Df to Nα, where Df ⊂ Nα, such that there
exists a α-software which computes f (x) when it is given the input x ∈ Df in ≤ α computations, and
does not answer in ≤ α computations when it is given x ∈
/ Df .
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Theorem 7 : Rice theorem on α-softwares. Let F be a non empty set of α recursive semi-functions,
different from the set of all these functions. Then
A = {n ∈ Nα, such that n is the code of a semi − function of F }
is not recursive.
Proof : By definition of F , A 6= ∅ and A 6= Nα. Let a
ā ∈
/ A. we set

 Nα
x∈A
h:

x∈
/A

and ā be two element of Nα such that a ∈ A and
→ Nα
7
→
ā
7
→
a

Suppose that A α is recursive. Then, h is a α recursive application. It follows, from the fixed point
theorem, that it exists e ∈ N such that the coding program e and h(e) compute the same semi-function.
So e ∈ A ⇔ h(e) ∈ A (by definition of A and e). But by definition of h, e ∈ A ⇔ h(e) ∈
/ A. Thus
h(e) ∈ A ⇔ h(e) ∈
/ A. This is not possible. This shows that A is not α recursive.  Applications This
generalized Rice theorem shows that there exists no α-software to know:
1. If two α-software compute the same function. (Choose a singleton for F ).
2. If a α-software will always answer 0 on any entry. (Choose F that contains only the null function).
3. If a α-software will always give an answer. (Choose for F the set of recursive semi-functions defined
on N).
4. If a α-software will always give values that belong to a given subset B. (Choose for F the set of
semi-functions whose output is in B).
etc...
This generalized Rice Theorem shows that the problem of a α-software “debugging , or the understanding
of what a α-software is doing, generally uses more than α computations.

8

Some “philosophical” comments

Some physicists have suggested at the end of the 19th century, and at the beginning of the 20th century
the “end of physic”: everything that should be discovered in physic was already discovered, or almost
already discovered. For example all the forces, elementary particles etc. Of course, these physicists were a
minority, and history has so far shown that they were wrong since new fundamental and very important
discovery in physics have been done after their claim.
In mathematics, it is difficult to find arguments to claim the end of the work. In fact, a new theorem
generally gives new open problems. As we have seen in this paper, this will be also the case if one day we
have access to much more powerful computing devices. If one day we are able to perform α computations,
where α is a given infinite cardinal, then we will be able to solve a lot of mathematical open questions,
but new open questions will naturally appear that cannot be solved with these α devices. In fact, for all
infinite cardinal α, the exact possibilities of computing of these α-devices (such as the halting problem for
these devices) is out of reach of these devices. Therefore, for all infinite cardinal α these problems appear
at the same time to be the natural problems on the power of computation that we have, and undecidable
with this power of computation.
Aristotle defined happiness at the “impression to use at best our capacities”. This is compatible with
large computing capacities, if we do not feel depress from the natural unsolvable questions that will appear...
Theology and computations
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It is possible to think (if we do not take it too seriously) about some possible theological implications of
such transfinite limitations. In fact, similar comments that mix some mathematical results on the infinite
cardinals and “god” have been done before. For example in [4] the religious history in Russia of some
interpretation of Cantor theory is presented (it was a bloody history in Stalin soviet state). Gödel itself
has published a very weird “proof” of God existence from some strange axioms.
There are in fact two classical “definitions” of God. In the first definition, God is the entity that has
created the earth and all the living species in this universe. In the second definition (13th century), that is
called the “ontological” definition of God, God is defined as “the most powerful entity that can exist with
no contradictions”.
With the first definition, it is possible that God exist and is limited by α computations and β bits
of memory, where α and β are fixed finite or infinite cardinals (for example α = β = ℵ0 ). Then some
purely mathematical questions will not be solvable by computation by such a God despite the fact that
these questions can be easily asked with its capacities. (There is maybe however some possibility to access
mathematical truth without computing...).
With the second definition the results of this paper leads naturally to the question : “is this ontological
definition of God self contradictory ?”. An attractive option to save this definition is to use “classes”
instead of “sets” as the basic tools. For example we can mathematically define the field of the “surreal
numbers” (cf [7]) that contains all the R fields. This surreal field is a class, not a set unlike all the R
fields. Similarly, we can imagine a God able to performs α computations for all cardinal α. However if
we can define software with a class of instructions (and not only a set of instruction), then, again, some
new limitation results seems to appear (the halting problem for these class-softwares for example). In [5]
Patrick Grim goes as far as to suggest that Truth and Totality may be not compatible. This is perhaps
going too far. In fact it seems that we have to choose between Totality (or Universality) and the capacity
to create new mathematical objects from previous ones, and we cannot have at the same time these two
properties. (A similar problem appears with Russel Paradox, or Cantor theorem: we cannot consider a
“universal set” set E since P(E) would have a cardinal strictly greater than E). Moreover, as we said
above, it is maybe possible to have access to truth without computing.
Anyway, if after my death I have access to ℵ0 of happiness I will probably not complain that this is
the smallest infinite cardinal.
Remark:
At present almost nobody takes these mathematical results of limitation, or paradox of totality, as
serious arguments against the possible existence of an all mighty god. However this may change in the
future.
In fact, I also do not take these arguments very seriously, but it is however not so easy to avoid them.
I will present below some possible ideas that may be used if we want to claim that monotheist religions
are not in contradiction with these mathematical limitation results.
1. Maybe the real God, if he exists, do not satisfy the ontological definition. For example, maybe he
has created this universe but is limited by a finite number of computations, or by a given infinite
cardinal number of computations.
2. Maybe the human proofs are just illusions since God make us believe that these proofs are valid,
but they are not. (The fact that some computers can check these proofs does not change anything
since God can change the output of these soft wares). It is however difficult to see what would be
God motivation for that.
3. Maybe God never ask himself some questions about its own limitations. He has created some species
that are less powerful than him and he is able to solve the halting problems of all the computing
devices that these species can build.
4. Maybe God can access truth without computing.
8
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5. Maybe nothing really new and ŞinterestingŤ appears beyond a certain number of transfinite computations. We know that new mathematical results appear each time we increase the transfinite
cardinal of possible computations, but maybe these mathematical results are not considered interesting, unlike feelings like love, good or bad actions, responsibility, etc.

9

Conclusion

We have seen in this paper that most of the logic limitation results of the classical theory of computation
can be generalized if we have devices able to perform α computations and use α bits of memory, where
α is a given fixed cardinal. It is expected that some recent results of limitations, such as those of [1] can
also be generalized in this way. This can be the subject of further work.
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Abstract
We give an overview of the results da Costa and the author have obtained
about expressions for the Halting Function in the realm of classical analysis. We prove undecidability and incompleteness theorems and relate this
work to Chaitin’s Ω number.

1

Introduction

The Halting Function (the function that settles the Halting Problem) cannot be
written as an algorithm, but it can be written with the help of elementary functions, as we show here. Also expressions for functions that code higher–level
complete (and even incomplete) unsolvability degrees can be similarly formulated, and very powerful Rice–like theorems can be derived for the theory of
elementary functions in calculus, and beyond.
We discuss these results in the present paper.

Overview
We represent Turing machines within the theory of Diophantine equations, for
Diophantine equation theory codes in a reasonable way Turing machine theory
(with a few caveats). We proceed as follows:
1
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• We first axiomatize concepts and notions of arithmetic in a theory which
is strong enough to allow for a representation (in the usual sense of the
word) of all the operations and computations of which a Turing machine
is capable. (See below.)
One such arithmetic theory is presented in [7]; it is strictly weaker than
Peano arithmetic, which is the usual axiomatization for arithmetic. However that nearly minimal theory allows us to do all the everyday commonplace operations with the natural numbers.
• We then use a powerful result, namely the solution of Hilbert’s 10th
Problem, to represent Turing machines via Diophantine equations which
nicely fit into formal arithmetic. Recall that a Diophantine equation is
of the form p = 0, where p is a polynomial over the integers; we are
interested only in its integer solutions.
The result we use is: Turing machine Mm ( a) of program coded by integer
m over integer input a stops and produces an output if and only if, for
an adequate Diophantine equation p(hm, ai) . . .) = 0 parametrized by m
and a, that equation has a solution.
• Moreover, there is an explicit algorithmic procedure, so that, given a
Turing machine Mm ( a) over input a, we can construct the polynomial
p(hm, ai, . . .). (See [13].)

In order to write down polynomials and Diophantine equations we only require that the arithmetic theory we are using be able to do sums and products.
But we can of course plunge that theory within a stronger, richer, axiomatic
framework, such as, for instance ZFC — Zermelo–Fraenkel set theory with the
Axiom of Choice. In the general case we will consider theories S so that:
• S has a recursively enumerable [28, 30] set of theorems.
• S includes enough arithmetic to represent Turing machine theory.
• S has a model with standard arithmetic, that is, S has an interpretation
where its arithmetic portion handles integers as we do in everyday life.
Since S has a model, it is consistent.
All theories dealt with here are supposed consistent. We also suppose them
to be sound, that is, those theories cannot prove false arithmetic sentences (cannot prove arithmetic sentences that are false in the standard model for arithmetic).

The Halting Problem and Gödel incompleteness in S
Given a Turing machine Mm ( a) that has been given a as its input, it may happen that it will go on and on over a without producing any output, that is, it
enters an infinite loop. Therefore some researchers wondered whether it would
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be possible to develop an algorithm — another Turing machine — that given
m and a as inputs, would be able to check whether an infinite loop ensues,
without any output.
But Turing proved in 1936 [25, 26, 28, 30] that:
Proposition 1.1 Given arbitrary m, a, there is no general algorithm to decide whether
the computation Mm ( a) halts or not.
Now recall that there is a Turing machine U that can simulate all other Turing machines; it is the universal Turing machine. Correspondingly there is an universal Diophantine polynomial [7, 30]. We can use the preceding result to prove
a waving–hands version of Gödel’s first incompleteness theorem in theory S.
Namely:
Proposition 1.2 If S is consistent, then there is a natural number a so that the formal version of the sentence “ U( a) enters an infinite loop” can neither be proved nor
disproved from the axioms of S. Moreover, “ U( a) enters an infinite loop” holds true of
the standard model for arithmetic.
Sketch of proof : Suppose that for every such a we can prove all true sentences
of the given form, namely “ U( a) enters an infinite loop.” Then, as the set of all
theorems of S is recursively enumerable, we get an algorithm to decide them,
and we settle the halting problem for U. A contradiction.
On the other hand, if we take a so that the negation of the sentence holds
true, then S doesn’t prove the sentence “ U( a) enters an infinite loop,” as S
cannot prove false arithmetic facts.

An explicit expression for the Halting Function, I
It can be shown [7] that there is an explicit expression for the halting function
θ (m, a) — the function that settles the Halting Problem — when we walk beyond arithmetic. It suffices to go to the language of ordinary calculus, and we
can obtain an expression for θ where:
• θ (m, a) = 1 if and only if Turing machine Mm ( a) stops (or converges).
• θ (m, a) = 0 if and only if Turing machine Mm ( a) enters an infinite loop
(or diverges).
See below for its explicit construction.

A Rice–like theorem, I
The expression for the Halting Function was immediately used to prove the
following theorem: let P be a predicate so that, for terms x, y, x 6= y, S ` P( x )
and S ` ¬ P(y). Suppose that S includes the tools — actually very few —
required to construct θ. Then one gets:
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Proposition 1.3 Given theory S, there is a term z so that S 6` P(z) and S 6` ¬ P(z).

Proof, in brief: There is a b [7] so that S 6` θ (b) = 1 and S 6` θ (b) = 0. Then
put z = θ (b) x + (1 − θ (b))y. (Here b of course stands for the double argument
of function θ.)

2

Main results

For concepts from logic see [26]. We use: ¬, “not,” ∨, “or,” ∧, “and,” →, “if...
then...,” ↔, “if and only if,” ∃ x, “there is a x,” ∀ x, “for every x.” P( x ) is a
formula with x free; it roughly means “x has property P.” Finally T ` ξ
means T proves ξ, or ξ is a theorem of T. ω is the set of natural numbers,
ω = {0, 1, 2, . . .}.
We deal with algorithmic functions. These are given by their programs
coded in Gödel numbers e [28]. We will sometimes use Turing machines (noted
by sans–serif letters with the Gödel number as index Me ); both Turing machines
and partial recursive functions are also noted {e}.
We start from a very simple theory of arithmetic, noted A1. Its language
includes variables x, y, . . ., two constants, 0 and 1, the equality sign =, and two
operation signs, +, ×. Basically A1 has axioms for the operations + and ×,
the behavior of constants 0 and 1, and the trichotomy axiom, that is, given two
natural numbers x and y, either x < y or x = y or x > y. A1 contains no
induction axiom.
We will also require Russell’s ι symbol [21]. ι x P( x ) is, roughly, the x such
that P.
The standard interpretation for A1 is: the variables x, y, . . . range over the
natural numbers, and 0 and 1 are seen as, respectively, zero and one. The
only requirements we impose on A1 is: that theory should be strong enough
to formally include all of Turing machine theory. Recall that a Turing machine
is given by its Gödel number, which recursively codes the machine’s program.
Rigorously, for A1, we must have:
Definition 2.1 A Turing machine of Gödel number e operating on x with output
y, {e}( x ) = y is representable in theory A1 if there is a formula Fe ( x, y) in the
language of A1 so that:
1. A1 ` { Fe ( x, y) ∧ Fe ( x, z) → [y = z]}, and

2. For natural numbers a, b, if {e}( a) = b, then A1 ` Fe ( a, b).

Then we have the representation theorem for partial recursive functions in A1:
Proposition 2.2 Every Turing machine is representable in A1. Moreover there is an
effective procedure that allows us to obtain Fe from the Gödel number e.
Remark 2.3 We stress that we mainly consider here theories that are arithmetically sound, that is, which have a model with standard arithmetic for its arithmetical segment.
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Rice’s Theorem
The example we now give shows that incompleteness is a pervasive phenomenon, from an arithmetic theory like A1 upwards, that is, it affects all theories
that contain A1, are based on a first–order classical language, have a model
where arithmetic is standard and have a recursively enumerable set of theorems.
Suppose that the theory S we deal has also the ι symbol. Let P be a predicate
symbol so that for terms ξ 6= ζ, S ` P(ξ ) and S ` ¬ P(ζ ) (we call such P,
nontrivial predicates). Then, for the term:
η = ι x [( x = ξ ∧ α) ∨ ( x = ζ ∧ ¬α)],
where α is an undecidable sentence in S:
Proposition 2.4 S 6` P(η ) and S 6` ¬ P(η ).
This shows that incompleteness is found everywhere within theories like S.
Remark 2.5 Notice that this implies the actual version of Rice’s Theorem [25,
28] in computer science. With some hand–waving: suppose that there is an
algorithm that settles P(n), for each n ∈ ω. Then by the representation theorem we may internalize that algorithm into S, and obtain a proof of P(n) for
arbitrary n ∈ ω, a contradiction given Proposition 2.4.

Richardson’s map
Our main tool here will be an explicit expression for the Halting Function, that
is, the function that settles the halting problem [28]. We will show that it can be
constructed within the language of classical analysis. We use the Richardson
transforms [7]. We start from a strengthening of Proposition 2.2:
Proposition 2.6 If {e}( a) = b, for natural numbers a, b, then we can algorithmically construct a polynomial pe over the natural numbers so that [{e}( a) = b] ↔
[∃ x1 , x2 , . . . , xk ∈ ω pe ( a, b, x1 , x2 , . . . , xk ) = 0].
Follows:
Proposition 2.7 a ∈ Re , where Re is a recursively enumerable set, if and only if there
are e and p so that ∃ x1 , x2 , . . . , xk ∈ ω [ pe ( a, x1 , x2 , . . . , xk ) = 0].
Richardson’s map [7] allows us to obtain in an algorithmic way, given any
pe ( a, . . .), a polynomial over the natural numbers, a real–defined and real–
valued function f e ( a, . . .) that has roots if and only if pe ( a, . . .) has roots as a
Diophantine equation.
We can be more specific: let A be the algebra of subelementary functions
(polynomials over the reals, sines, cosines; everything closed under +, ×, products by real numbers and by the functions that generate the algebra, to which
we add function composition). Let R denote the real line.
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Richardson’s map: multidimensional version
We now state the first of Richardson’s main results: given that A1 ⊂ ZFC, and
if P is the set of all finite–lenght polynomials over ω:
Proposition 2.8 (Richardson’s Map, I) There is an injection κP : P → A, where
P denotes the algebra of ω–valued polynomials in a finite number of variables, and A
is the algebra of subelementary functions described above, such that:
1. κP is constructive, that is, given the expression for p in A1, there is an effective
procedure so that we can obtain the corresponding expression for F = κP ( p) in
ZFC.
2. κP is 1–1.

3. For ~x = ( x1 , . . . , xn ), ∃~x ∈ ω n p(m, ~x ) = 0 if and only if ∃~x ∈ Rn F (m, ~x ) =
0 if and only if ∃~x ∈ Rn F (m, ~x ) ≤ 1, for p ∈ P and F ∈ A.
4. The injection κP is proper.
The crucial property is given in step 3.: it allows us to translate the existence
of roots for Diophantine equations into roots of the corresponding transformed
real–defined and real–valued function, with some extras.
Next step gives us a 1–dimensional version of Richardson’s map.

Richardson’s map: one–dimensional version
Corollary 2.9 (Richardson’s Map, II) Let A1 be the algebra of subelementary functions over a single real variable x. Then there is a map κ 0 : P → A1 such that:
1. κ 0 is constructive.
2. κ 0 is 1–1.
3. The inclusion κ 0 (P ) ⊂ A1 is proper.

4. ∃~x ∈ ω n p(m, ~x ) = 0 if and only if ∃ x ∈ R L(m, x ) = 0 if and only if
∃ x ∈ R G (m, x ) ≤ 1.

The Halting Function, II
Remark 2.10 Let Mm ( a) ↓ mean: “Turing machine of Gödel number m stops
over input a and gives some output.” Similarly Mm ( a) ↑ means, “Turing machine of Gödel number m enters an infinite loop over input a.” Then we can
define the halting function θ:
• θ (m, a) = 1 if and only if Mm ( a) ↓.
• θ (m, a) = 0 if and only if Mm ( a) ↑.

θ (m, a) is the halting function for Mm over input a.
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Remark 2.11 As we now show, we can explicitly write an expression for a
function in the language of classical analysis that settles the Halting Problem.
We proceed as follows:
• Given Turing machine Mm ( a) = b, for natural numbers a, b, we can algorithmically obtain [13] a polynomial pm (h a, bi, x1 , . . . , xk ) so that:
Mm ( a) = b ↔ ∃ x1 , . . . , x2 ∈ ω [ pm (h a, bi, x1 , . . . , xk ) = 0].
• Given Fm , real–defined and real–valued, we have that:

∃ x1 , . . . , x2 ∈ ω [ pm (h a, bi, x1 , . . . , xk ) = 0] ↔
and

↔ ∃ x1 , . . . , xk ∈ R Fm (h a, bi, x1 , . . . , xk ) ≤ 1.
∀ x1 , . . . , x2 ∈ ω [ pm (h a, bi, x1 , . . . , xk ) 6= 0] ↔
↔ ∀ x1 , . . . , xk ∈ R Fm (h a, bi, x1 , . . . , xk ) > 1.

• That is to say: Mm ( a) ↓ if and only if Fm ( a, . . .) goes below 1, and Mm ( a) ↑
if and only if Fm ( a, . . .) stays above 1.
This is the property we use in order to construct the halting function θm .
We now need the concept of an universal Diophantine polynomial. Davis [13]
describes an algorithmic procedure out of which, given a Turing machine with
input a Mm ( a), we obtain a polynomial pm ( a, x1 , . . .) so that it has roots if and
only if Mm ( a) converges. Now, if U(m, a) is an universal Turing machine [28,
29], we can similarly obtain a polynomial p(hm, ai, . . .) which corresponds to
U( a ).
More precisely, if [∃ x1 , . . . , xk pm (h a, bi, x1 , . . . , xk ) = 0] ↔ [Mm ( a) = b],
then, for the universal polynomial p(hm, a, bi, . . .):

[∃ x1 , . . . , xr p(hm, a, bi, x1 , . . . , xr ) = 0] ↔
↔ [∃ x1 , . . . , xk pm (h a, bi, x1 , . . . , xk ) = 0].

From the preceding considerations, if σ is the sign function, σ (± x ) = ±1
and σ (0) = 0:
Proposition 2.12 (The Halting Function.) The Halting Function θ (n, q) is explicitly given by:
θ (n, q) = σ ( Gn,q ),
Gn,q =

Z +∞
−∞

2

Cn,q ( x )e− x dx,

Cm,q ( x ) = | Fm,q ( x ) − 1| − ( Fm,q ( x ) − 1).
Fn,q ( x ) = κ P pn,q .
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Here pn,q is the two–parameter universal Diophantine polynomial
p(hn, qi, x1 , x2 , . . . , xr )
and κ P is as in Proposition 2.8.
Remark 2.13 Notice that there are infinitely many alternative explicit expressions for the halting function θ [7].

A note on incomplete degrees and on higher unsolvability degrees
Every r.e. subset of the natural numbers is coded by some Diophantine equation, and vice versa. Whenever we can explicitly construct some partial recursive function that generates that set, we can obtain the corresponding Diophantine equation — and thus the associated θ function.
Also for higher degrees, the explicit use of the jump w.r.t. Diophantine
equations allows us to be able to compute arbitrary finite sets of values for
θ functions that describe characteristic functions for complete degrees 0 (the
original θ function), 00 , 000 and so on. Therefore knowledge of θ associated to
a jump allows us to decide the whole arithmetic hierarchy along the standard
model. See [8].

3

Undecidability and incompleteness

Our main undecidability results stem from the following:
Lemma 3.1 There is a Diophantine set D so that
m ∈ D ↔ ∃ x1 , . . . , xn ∈ ω p(m, x1 , . . . , xn ) = 0,
p ∈ P , and D is recursively enumerable but not recursive.
Corollary 3.2 For an arbitrary m ∈ ω there is no general decision procedure to check
whether p(m, x1 , . . .) = 0 has a solution in the positive integers.
We will now handle functions in some algebra Q which are Richardson
transforms of a p that satisfies Corollary 3.2. We will consider such a polynomial p so that a given arithmetical sentence P( p) is undecidable in formalized arithmetic, and will get through Richardson’s map several sentences noted
Φ(κ 0 ( p)) that are demonstrably equivalent to φ( p) in ZFC; the equivalence implies that they are also undecidable in ZFC, which we suppose to have a model
where arithmetic is standard. Similar constructions can also be made for the
corresponding exponential Diophantine expression e.
That means, for p as above,
• For m ∈ ω, there is no general algorithm to decide whether there are
natural numbers x1 , . . . so that p(m, x1 , . . .) = 0.

Proc-130

Combined P&C2011 / HyperNet11 Proceedings

Halting Function

9

Undecidability and incompleteness, I
Therefore, given such a p, and F = κ P ( p) (see Proposition 2.8), and the other
related functions (G, B, and so on), we have:
Corollary 3.3 For an arbitrary m ∈ ω there is no general decision procedure to check
whether:
1. There are real numbers x1 , . . . , xn such that F (m, x1 , . . . , xn ) = 0;
2. There is a real number x so that G (m, x ) < 1;
3. Whether we have ∀ x ∈ R θ (m, x ) = 0 or ∀ x ∈ R θ (m, x ) = 1 over the reals.
4. Whether for an arbitrary f (m, x ) we have f (m, x ) ≡ θ (m, x ).
Proof: From the preceding results. The last undecidability statement follows
from the third one.

Undecidability and incompleteness, II
Everything proceeds within ZFC (or within any similarly powerful axiomatic
system S ⊃ A1), so that we can obtain all the maps given by Richardson’s
functor into A and extensions. Let also B ⊇ A be any similar extension; let P
be a predicate (a formula with a free variable P( x )) defined for B such that P is
nontrivial.
If ξ is any word in that language, we write kξ k for its complexity, as measured by the number of letters from ZFC’s alphabet in ξ. Also we define the
complexity of a proof CZFC (ξ ) of ξ in the language of ZFC to be the minimum
length that a deduction of ξ from the ZFC axioms can have, as measured by
the total number of letters in the expressions that belong to the proof.
Then:
Proposition 3.4 If ZFC is arithmetically sound, then:
1. There is an h ∈ B so that neither ZFC 6` ¬ P(h) nor ZFC 6` P(h), but M
|= P(h), where M makes ZFC arithmetically sound.
2. There is a denumerable set of functions hm ( x ) ∈ B , m ∈ ω, such that there is
no general decision procedure to ascertain, for an arbitrary m, whether P(hm )
or ¬ P(hm ) is provable in ZFC.
b )}, and given an arbitrary total recur3. Given the set K = {m : ZFC ` φ(m
sive function g : ω → ω, there is an infinite number of values for m so that
b )) > g(k P(m
b )k).
CZFC ( P(m

Proof: Let θ be as above. Let f 0 , g0 satisfy our conditions on P, that is, ZFC
` P( f 0 ) and ZFC ` ¬ P( g0 ). Then define:
h(m, x ) = θ (m, x ) f 0 + (1 − θ (m, x )) g0 .
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This settles (2). Now let us specify θ so that the corresponding Diophantine
equation p = 0 is never solvable in the standard model for arithmetic, while
that fact cannot be proved in ZFC. We then form, for such an indicator function,
h = θ f 0 + ( 1 − θ ) g0 .
This settles (1). Finally, for (3), we notice that as K is recursively enumerable but
not recursive, it satisfies the conditions in the Gödel–Ehrenfeucht–Mycielski
theorem about the length of proofs.

Undecidability and incompleteness, III
The next result will be only quoted; its proof is straightforward, even if cumbersome. It gives a clearer idea of the wide–ranging effect, so to say, of the
preceding constructions.
Recall that a predicate P( x ) in the language of ZFC is nontrivial if there are
terms ξ 6= ζ in that language so that ZFC ` P(ξ ) and ZFC ` ¬ P(ζ ). Then:
Proposition 3.5
1. Given any nontrivial P in ZFC, there is one of those terms ξ such that ZFC `
P(ξ ) if and only if ZFC ` The Riemann Hypothesis.
2. There is a term ξ such that for a nontrivial P, P(ξ ) is ZFC–arithmetically expressible as a Πm+1 problem, but not as any Σk problem, k ≤ m.
3. There is a term ξ so that P(ξ ) isn’t arithmetically expressible.
(Recall that sentence φ is arithmetically expressible if there is an arithmetic
sentence ψ so that ZFC ` φ ↔ ψ.)
We have what amounts to an extension of the preceding result together with
the theorems that give expressions for the halting function. We need here the
concepts of arithmetic degree, arithmetic hierarchy, complete arithmetic degree
and set in the arithmetic hierarchy; for a review see [28] :
Proposition 3.6 For all p ∈ ω expressions θ ( p) (m) can be explicitly constructed for
characteristic functions of sets in the complete arithmetic degrees 0( p .

Higher–level intractability
The next results give an idea of how intractable those problems can be (we
repeat the first one):
Proposition 3.7
1. There is a term ξ so that P(ξ ) isn’t arithmetically expressible.
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2. Given theory S as in this text, then there is a partial recursive function F so that
S neither proves nor disproves it to be total, and for some arbitrarily chosen constructive ordinal α in the Turing–Feferman hierarchy over S, Sα ` [F is total],
but for no β < α does S proves that F is total.
3. Given axiomatic set theory ZFC plus some large cardinal hypothesis, there is a
partial recursive function F so that ZFC thus enlarged neither proves nor disproves F to be total.
Comments on the proof : The first statement appears in Proposition 3.5, item
3. The second statement is given a detailed, constructive proof in [3]. For the
third statement see the construction of F in [11], and references therein.
Let us sum it up now: incompleteness and undecidability are everywhere
in the mathematical languages we use to do science. Moreover, sensible and
interesting problems can be as high as one wishes in the known hierarchies, be
it the arithmetical or hyperarithmetical hierarchies, or a hierarchy of theories
such as the Turing–Feferman construction [3]. Even if we add large cardinals
to our construction we still have the same incompleteness phenomena in the
expanded theories.

First application: chaos is undecidable
We developed the Rice–like results before to prove a result which can be compressed into a slogan–like formula:
Chaos is undecidable.
as summarized by S. Smale [2]. In fact, chaos theory is formally undecidable,
and, if adequately formalized within ZFC by a Suppes predicate with a consistent axiomatization, it is also Gödel incomplete.

The Halting Function θ and Chaitin’s Ω number
In 2007 C. Calude published a volume to honor Chaitin on his 60th anniversary:
Randomness and Complexity: From Leibniz to Chaitin.1 In the introduction he
mentions a result by Solovay on the Ω number:
There is an Ω number none of whose digits can be computed in ZF.
Costa and Doria saw that remark, and proved two related theorems:
There is a computable real number none of whose digits can be computed
by ZF.
For any “nice” theory S with enough arithmetic, there is an Ω number
none of whose digits can be computed by S.
1 World

Scientific, 2007.
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We sketch the proofs:
• For the first result. Both

e = 2.7182818284590452 . . .

and

π = 3.14159265358979323 . . .

are computable even if irrational (actually, transcendental). Then put:
x = eθ + (1 − θ )π.

x is computable, because it is e or π. θ is such that ZF cannot decide
whether it is 0 or 1. So, we are done.
• For the second result there are actually two proofs, and the thing is a bit
more tricky. A “nice” theory is one whose theorems can be enumerated
by some computer program. If our nice theory S contains enough arithmetic,2 then each non–halting instance of the halting problem for a given
fixed universal Turing machine is given by a Π1 sentence, that is, by a
formal sentence that translates as “for all x, x has property P,” where
deciding whether x has P can be computationally done.
Then we may suppose that there is a listing of all those instances of the
halting problem, ξ 1 , ξ 2 , ξ 3 , . . ., even if we cannot actually compute that
listing. (Why is that so? These are non–halting instances of the halting
problem which are beyond the reach of S; if we could compute them, we
would be able to concoct a proof for them in S, since we can internalize
the computation as a proof in S.) We then use that listing to define our
version of Ω.
Of course as we cannot prove each ξ i in S, we cannot compute (in S) any
digit of our nem Ω.
Again we are done.
We can now come full circle and link together our main themes, Ω, θ — and
as an extra, the Busy Beaver function. This comes out of a simple and elegant
suggestion by Chaitin. Pick up one of those versions (may we say avatars,
pace James Cameron?) of the halting probability Ω so that ZF cannot compute
a single digit of it.
Represent as follows its decimal expansion:
Ω = .θ1 θ2 θ3 θ4 θ5 . . .
This is the link between θ and Ω — at least one of the possible links.
Ω and θ are entities that represent the same phenomenon: the halting problem. And so is the Busy Beaver function: if we solve the halting problem, we
can compute the BB function. If we know the BB function, we can solve the
halting problem.
2 We also suppose that S has a model where the arithmetic part is standard, that is, given by the
usual integers.
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Abstract
We propose a quantum version of Tic-Tac-Toe which accurately
reflects the inherent probabilistic nature of the measurement principle in quantum mechanics. We then formulate a quantum strategy
which allows a quantum player to consistently win over a classical
player, with a certain probability. This result can be seen as another
proof of the superior computational power of a quantum system with
respect to a classical one. Our investigation also reveals that the nondeterminism and complexity introduced by the principles of quantum
mechanics into even the most simple games make brute-force strategies considerably more difficult to implement. Consequently, games
in which machines have gained the upper hand over humans may be
made fair again by upgrading them to a quantum level.
Key words: quantum games, Tic-Tac-Toe, quantum measurement, superposition, entanglement, computational power.

1

Introduction

The field of quantum information is concerned with ways of embodying information in physical systems whose behavior can only be described by the laws
of quantum mechanics and exploring the consequences of this novel physical
support on how information is manipulated and processed. Weird quantum
mechanical principles, like superposition of states and entanglement can effectively be harnessed in order to achieve higher efficiency or security than it
1
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is possible by using classical means: quantum algorithms that are faster than
their classical counterparts [15, 14], quantum protocols for key distribution
that are qualitatively more secure against eavesdropping than any classical
cryptosystem [17, 3, 7, 13, 12], reduced communication complexity [4].
Not surprisingly, the laws of quantum mechanics have been applied to
game theory as well, with the same result: better, more successful quantum
strategies than the classical ones [6, 2, 8]. The main motivation behind
applying quantum information into game theory is the ability to formulate
many problems as games between two parties: quantum cryptography can
be seen as a game between those who wish to communicate secretly and
the eavesdroppers [7]; quantum algorithms may be seen as games between
classical and quantum agents [10]; even quantum cloning or the measurement
process itself may be interpreted as a game played against nature [16, 5].
Consequently, quantum game theory tries to apply the properties of quantum
systems in an abstract manner with the purpose of making better decisions
in adversarial situations.
In this paper, we take a different approach to quantum games. Rather
than seeking a unified theory of games and quantum mechanics, we wish
to explore the effects of “upgrading” particular, well known games to the
quantum level. This upgrading refers to the physical support of the game
(like the board, for example) as well as the legal moves the players are allowed
to do. Therefore, in a board game, the board is embodied as a quantum
system and each move in the game is viewed as a quantum operation or
transformation acting upon and changing the current quantum state of the
system.
The questions that will guide our exploration are: How can a particular game be upgraded to a quantum version? What is the best strategy to
follow, once the rules are precisely defined? How would a “classical” player
fare against a ”quantum” opponent? What is the level of complexity introduced by the quantum upgrade? How would this upgrade affect (if at all)
the chances of a human player against a machine? In this respect, our investigation is closer to the approach taken in [1] to explore a quantum version
of Chess.
Our investigation will focus on a much simpler game, Tic-Tac-Toe, in
order to better observe the effects of the quantum upgrade, unobscured by
the game inherent intricacies. Also, we are interested in a ”genuine” quantum upgrade, where the laws of quantum mechanics are applied as they are,
without “accommodating” them to better suit the game at hand. For example, we choose to implement a non-deterministic measurement process
identical in every respect to a probabilistic quantum measurement, which
is different from the version of Tic-Tac-Toe defined in [9] where the player
2
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has direct control over how a superposition collapses and the outcome of the
measurement. In this way, we make sure that the game can be physically
implemented using a quantum system whose behavior must obey the rules
of quantum mechanics throughout the entire game play.
The remainder of the paper is organized as follows. Section 2 describes
in detail the quantum version of Tic-Tac-Toe that we choose to investigate,
carefully defining the initial configuration of the board, the legal moves allowed and the objectives of the game. In order to quantify the power of a
quantum player relative to a classical one, we need precise definitions for
the abilities of a quantum and a classical player. This is done in section
3. The next section introduces a quantum strategy which, when followed,
consistently gives more chances to the quantum player to win the game to
the detriment of a classical player. This result is consistent with previous
results in quantum game theory in general [10, 6] and can also be interpreted
as a reformulation of the idea developed in [11], using a game setting as a
new vehicle for showing that a quantum “entity” is strictly more powerful
and can solve a larger set of problems than a classical entity.
Section 5 goes on to analyze the equilibrium developed when both players
are endowed with quantum powers and touches on the issue of human vs.
machine playing. In this respect, we argue that the complexity and uncertainty introduced by quantum properties make the game more fair, rendering a brute-force strategy (usually adopted by a machine) more difficult, if
not impossible to implement. Section 6 discusses several ways in which our
quantum version of Tic-Tac-Toe can be extended. Finally, a summary of the
problems discussed and the results obtained concludes the paper.

2

Rules of the game

In this section we provide a detailed description of our quantum version
of the Tic-Tac-Toe game, which we will refer to as Q3T. The simplicity in
defining the legal moves is deliberate. Our aim is to explore the consequences
introduced in gaming by the same principles that govern the behavior of
quantum systems, without “adjusting” or “customizing” them in any way.
In order to observe and analyze these consequences, it is best to start with
the simplest form of a quantum game, so as to avoid situations in which it
is not clear whether a certain observed behavior is a result of the “quantum
enhancement” of the game or it is due to the game’s inherent complexity, or
perhaps both.

3
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2.1

Initial configuration of the board

At the outset, each square on the board is in a grey state: a superposition
of white (W ) and black (B). Formally, the quantum state of any of the nine
squares on the board can be expressed as
1
|Ψi i = √ (|W i + |Bi).
2

2.2

(1)

Legal moves

There are only two possible moves (operations) a player can choose from:
1. The first one applies to any one square on the board that does not
have a definite state (White or Black) yet. From a quantum mechanical perspective, it corresponds to an observation or measurement of the
quantum system representing the physical realization of the square being observed. Following this observation, the respective square acquires
a definite state: White or Black, with equal probability. In quantum
mechanical terms, we say that the superposition collapses to one of the
base vectors: |W i or |Bi.
2. The second possible move acts on a pair of squares and consequently, it
is implemented through a two-qubit gate, namely the Controlled-NOT
or more simple, CNOT. The effect of applying the CNOT operator on
the four basis vectors required to describe the state of a two-qubit system (|W W i, |W Bi, |BW i, |BBi) is specified by the following matrix:





CN OT = 

1
0
0
0

0
1
0
0

0
0
0
1

0
0
1
0





.


(2)

In simple terms, the CNOT gate flips the state of the target qubit (the
second qubit) from |W i to |Bi or from |Bi to |W i if and only if the
control qubit (the first qubit) is set to |Bi. However, in our Q3T game,
the application of the CNOT gate is restricted to the case where the
control qubit is in superposition and the target qubit is in a “classical”
state (|Bi or |W i). Under this restriction, the second type of move
will entangle the control and target qubits together. The following two
equations describe the effect of a CNOT operator applied on a White
target square (eq. 3) and a Black target square (eq. 4), respectively.
4
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1
1
CN OT ( √ (|W i + |Bi) ⊗ |W i) = √ (|W W i + |BBi)
2
2

(3)

1
1
CN OT ( √ (|W i + |Bi) ⊗ |Bi) = √ (|W Bi + |BW i)
2
2

(4)

Such an entanglement can be extended to several qubits if the control
qubit is already part of an entanglement. The rationale behind restricting the application of CNOT to a pair of qubits satisfying certain
conditions (as explained above) is twofold: to simplify the game and
to prevent a player from directly changing the color of a square from
|W i to |Bi or from |Bi to |W i.
It is important to mention here that squares “caught” in an entanglement
are displayed as grey, similar to any other square whose quantum state is in
a superposition. As a consequence, when a Grey square is measured, one
or more squares can “collapse” to one of the two basic colors, depending on
whether the “observed” square is entangled with other squares on the board
or not. In an extreme case, a single measurement is enough to trigger the
“collapse” of all nine squares (provided they are all part of an entangled
state) and therefore end the game.

2.3

Game objective

As in classical Tic-Tac-Toe, the objective of the game is for any of the two
players to “mark” a full row, column or diagonal with the player’s color.
By convention, White is assigned to Player1, while Player2’s color is Black.
The two players take turns in executing a legal move until one of the players
achieves the game objective or no further legal moves are possible.
In the latter case, the entire board is in a classical state, with each of the
nine squares being colored in White or Black, but without any row, column
or diagonal sharing the same color. This situation is a draw and has a direct
correspondent in classical Tic-Tac-Toe. But in Q3T there is another situation
that may lead to a draw. Imagine that after a measurement, several squares
acquire a White or Black color, forming both a White and a Black “suite”
(row, column or diagonal) at the same time. This scenario, only possible due
to entanglement is also considered a draw. In all other cases, either there
are still valid moves available, or a single player can claim victory following a
measurement that completes a full row, column or diagonal with the player’s
color.

5
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3

Quantum player vs. Classical player

In [11] we have investigated the relative power of a computational device
capable of manipulating information at the quantum level with respect to
its traditional or classical counterpart. The conclusion was that a quantum
computer is strictly more powerful than a classical one because some problems that require a quantum description can only be successfully addressed
if information can be accessed at the physical level used to encode it.
The question that we ask in this paper is: How is this superior computational power manifesting itself in the context of quantum games? Will a
quantum player be able to always “beat” a classical opponent? Or, perhaps,
most of the time? Or the fact that he can manipulate the board at the
quantum level will make no difference in the end? We will consider these
questions in the following for the particular case of the Q3T game, as defined
above. But before any comparison can be made, we must define precisely
what we understand by a quantum player versus a classical player.
A quantum player has no constraints in manipulating the squares on the
board, except for those specified in the rules of the game. Consequently, he is
free to choose any one of the two legal moves, provided that both are possible
at that point. On the other hand, a classical player has only one move at
his disposal, the observation or measurement of a square, because this is
the only way to acquire (classical) information about a quantum system.
Furthermore, following a measurement, the state of the system can always be
described in classical terms, consistent with the outcome of the measurement.
Therefore, a classical player in Q3T behaves similar to a player of “regular”
Tic-Tac-Toe, choosing the next square to put his mark on or deciding which
square to measure next, respectively.
Clearly, according to these definitions, the quantum player is the more
powerful one. But is this extra power (quantum power) enough to give him
a clear, provable advantage during the game, considering that none of the
players have direct control on what color is assigned to each square? Indeed,
the measurement process is completely non-deterministic, in the sense that
each square has an equal chance of ending up as a White or Black square,
following an observation. Yet, a quantum player can harness the power of
entanglement to consistently guide the outcome of a game in his favor, as we
prove in the next section.

6
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4

The Road to Victory: Entangle your Opponent!

For concreteness, let us assume that Player1 or the White Player is a classical
player, while Player2 or the Black Player is a quantum player. Without loss
of generality, we consider the case where both players try to gain control over
the squares composing the main diagonal of the board. The central square
is the first “target” since it is the best strategically placed square, offering
control over one row, one column and two diagonals. Once the central square
is “acquired” by one of the players, attention shifts towards the top-left and
bottom-right squares, respectively.
The classical player can only measure these squares, in the hope that
they will “turn” White, the color of the classical player. The quantum player
could follow the same strategy and measure any of the Grey squares, but this
purely classical approach will not give him any advantage over his opponent:
both players will have a 50% chance of winning the game. In order to gain
the upper hand, the quantum player must bring entanglement into play. The
following strategy will ensure that the quantum player wins most of the time:
whenever the classical player measures a square as White, the quantum player
entangles it with one of the Grey squares left on the board.
Intuitively, this strategy is a winning one because every time a square is
measured as White (“bad luck” for the quantum player), he can get a second
chance on it by entangling it with a Grey square. Formally, assume that
we have two squares, denoted by S1 and S2, and four possible events corresponding to the four possible outcomes when the two squares are measured:
1. W 1 −→ S1 is observed to be White.
2. B1 −→ S1 is observed to be Black.
3. W 2 −→ S2 is observed to be White.
4. B2 −→ S2 is observed to be Black.
All these four events are equally likely and we have:
1
(5)
P r(W 1) = P r(B1) = P r(W 2) = P r(B2) = .
2
Note that B1 = W 1 and therefore P r(B1) = 1 − P r(W 1). Similarly, B2 =
W 2 and P r(B2) = 1 − P r(W 2).
We define the random variable X to be the number of Black squares
created by measuring (observing) S1 and S2. We have:
7
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1
P r{X = 0} = P r{W 1W 2} = ;
4

(6)

1
P r{X = 1} = P r{W 1B2} + P r{B1W 2} = ;
2

(7)

1
P r{X = 2} = P r{B1B2} = .
4
Therefore, the expected value of random variable X is:
E[X] =

X
x

(8)

x · P r{X = x} = 0 · P r{X = 0} + 1 · P r{X = 1} + 2 · P r{X = 2}
=

1
1
+ 2 · = 1.
2
4

(9)

This result conforms with the intuition that when we resort only to measurements, on average, we expect to see one White square and one Black square
emerging after the two measurements. What happens now if the Black player
has the option of bringing entanglement into play? More precisely, each time
the measurement on S1 yields a White square, the Black player (quantum
player) will entangle S1 and S2 together, using a CNOT gate with S1 as the
target qubit and S2 as the control qubit (see eq. 3).
In this scenario, we still have two measurements performed, one on S1 and
the second on S2, so still four equally likely outcomes are possible: W 1W 2,
W 1B2, B1W 2 and B1B2. The only difference is that the event W 1B2 will
now yield two black squares, as S1 has been entangled with S2 after the
measurement on S1 took place, and must be observed in a state consistent
with S2. Consequently, the probability distribution of random variable X
changes as follows:
1
P r{X = 0} = P r{W 1W 2} = ;
4

(10)

1
P r{X = 1} = P r{B1W 2} = ;
4

(11)

1
P r{X = 2} = P r{W 1B2} + P r{B1B2} = .
(12)
2
According to its change in its behavior, the new expected value of variable
X becomes:
E[X] = 1 · P r{X = 1} + 2 · P r{X = 2} =
8
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1.
2.
3.
4.
5.
6.
7.
8.

M(S1)
W
W
W
W
B
B
B
B

M(S2)
W
W
B
B
W
W
B
B

M(S3)
W
B
W
B
W
B
W
B

Classical strategy
0
1
1
2
1
2
2
3

Quantum strategy
0
2 (becomes W BB)
2 (becomes BBW )
3 (becomes BBB)
1
2
2
3

Entanglement
S1 ↔ S2, S2 ↔ S3
S1 ↔ S2, S2 ↔ S3
S1 ↔ S2
S1 ↔ S2

Table 1: Number of black squares observed after 3 measurements. Black is
a quantum player and White is a classical player. White has the opening
move.
This means that the expected number of black squares seen after the two
measurements is now 1.25, while the expected number of white squares drops
to 0.75.
Extending this argument to 3 squares, Table 1 shows the number of black
squares observed in each of the 23 = 8 possible cases. Note that the quantum
strategy assumes that whenever S1 has been measured as White, by the
White player, the Black player will entangle S1 with S2 in response. This
situation occurs in the first four rows of the table. Similarly, whenever S2 is
measured White by the White player, the Black player responds by entangling
S2 and S3 together, in the next move. This situation occurs in rows 1 and
2 in the table above.
The situation is different for rows 5 and 6, however. Since the two players
alternate their moves, with the White making the first move, in rows 5 and
6 the Black player is in the situation of making a move after S1 has been
measured as Black. Therefore, it makes no sense to entangle S1 with S2,
so he chooses to measure S2. Unfortunately for him, S2 turns White, but
then it is White’s turn again and the White player proceeds by measuring
S3. Consequently, rows 5 and 6 are entanglement free.
According to the table we have constructed, the expected value of X after
3 measurements is:
E[X] = 1 · P r{row5} + 2 · (P r{row2} + P r{row3} + P r{row6} + P r{row7}) +
4
2
1
(14)
+3 · (P r{row4} + P r{row8}) = 1 · + 2 · + 3 · = 1.875
8
8
8
Consequently, after three measurements we expect to see 1.875 black squares
and 1.125 white squares, on average. Note that three measurements is not
9
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1.
2.
3.
4.
5.
6.
7.
8.

M(S1)
B
B
B
B
W
W
W
W

M(S2)
B
B
W
W
B
B
W
W

M(S3)
B
W
B
W
B
W
B
W

Classical strategy
0
1
1
2
1
2
2
3

Quantum strategy
2 (becomes W W B)
2 (becomes W BW )
2 (becomes W W B)
2 (becomes BW W )
1
2
2
3

Entanglement
S1 ↔ S2, S2 ↔ S3
S1 ↔ S2, S2 ↔ S3
S1 ↔ S2, S1 ↔ S3
S1 ↔ S2, S1 ↔ S3

Table 2: Number of white squares observed after 3 measurements. White
is a quantum player and Black is a classical player. Black has the opening
move.
equivalent to three moves, as some of the moves could be entanglement moves.
Furthermore, if S1, S2 and S3 belong to the same “suite” (row, column or
diagonal) then the chances for the quantum player to win the game after
just three measurements are double the chances of the classical player (25%
compared with 12.5%). This result is consistent with the fact that the set of
problems solvable by classical means is a proper subset of the set of problems
that can be solved if information can be manipulated at the quantum level.
Certainly, the equilibrium between the two players is restored if the White
player also chooses to resort to quantum moves. He can use a similar strategy of entangling Black squares with Grey ones, in the hope that a second
measurement on the same square will yield a more favorable outcome. However, since now a Black square is used as the target qubit, the entanglement
created is of the form given in eq. 4 rather than that of eq. 3. This aspect
emphasizes another unconventional characteristic of our game, still stemming
from its quantum nature: the game is not symmetric with respect to the two
players. If the first type of entanglement creates only White or only Black
squares when measured, the second type always creates one White and one
Black square. This strategy guarantees to the White player that the worst
case of seeing two Black squares after two measurements is no longer possible.
The asymmetry between White and Black is clearly exposed if we construct a table similar to Table 1, but for the case where Black is now the
classical player and has the opening move, while White is a quantum player.
Table 2 shows the number of white squares after three measurements in all
possible cases. The net effect of entangling a Black square with a Grey one,
followed by a measurement is the ”metamorphosis” of the Grey square into a
White one. The input and output of such a ply is shown in Fig. 1. The Black
square can then be used to repeat the same ply and transform another Grey
10
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Figure 1: A (Controlled-NOT, Measure) ply that transforms the Grey input
into White.
square into White. This explains why, in this case, the expected number of
White squares after three measurements is

E[Y ] = 1 ·

1
6
1
+2· +3· =2
8
8
8

(15)

This result is superior to the expected number of Black squares when Black
was the quantum player. Consequently, when restricted to this strategy, the
Black player would always end up loosing. Of course, the Black player may
choose to measure a Grey square which is not entangled and this might offer
him some chances of winning the game, but overall, White will still win most
of the time.
An interesting open question raised by the asymmetry exhibited in this
game is whether playing White or Black does offer any advantage (assuming
both players are quantum) and if so, how big an advantage? In the most
general case, the situation can get very complicated due to the multiple
entanglements that can be formed. Remember that if the Grey square used
as the control qubit in a CNOT gate is already part of an entanglement,
then that entanglement can spread to more than two squares, generating
a complex position. As we mentioned earlier, in an extreme case, all nine
squares can be gradually incorporated into an entangled state. This makes
the analysis much more complicated, but at the same time it makes the
game more fair in a contest between a human and a machine. Indeed, in
many cases (and chess is probably the most visible example) the competition
between a human player and a machine is decided more and more in favor of
the latter, only because the continuous increase in raw computational power
allows a machine to apply a “brute force” strategy successfully and consider
an increasing number of possible moves in the same amount of time.
The implicit non-determinism and explosion of the number of states that
quantum mechanics brings into play make a “brute-force” strategy much
11
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more difficult to implement: considerably fewer levels in the game tree can
be explored in a given amount of time. As a result, in the quantum version
of a game, it is the “inspiration” of a player that might decide the outcome
again, and not just raw computational power. This is visible even in a simple
game like Tic-Tac-Toe. In the classical version it is almost trivial to plan
your entire game (move by move) from the outset, yet when we switch to
the simplest quantum version, where just two types of moves are allowed
(from which only one is genuinely quantum), the simplicity and confidence
characterizing the classical game seem to vanish. This is all the more so in a
game with more complex rules or an extension of Q3T.

5

Possible extensions

The quantum version of Tic-Tac-Toe discussed in this paper could be extended in several ways. One possibility is to introduce new moves in the
set of legal moves a player can choose from. For example, we could add the
Hadamard gate as another alternative for a quantum move. The Hadamard
operation can turn a White or Black square into a Grey square again (recreating a superposition) and therefore it may have the effect of extending the
length of the game, if introduced.
Another possibility is to modify the initial√configuration of the board,
such
√
that we have two types of superpositions: 1/ 2(|W i + |Bi) and 1/ 2(|W i −
|Bi), randomly generated for each square. In this way, the squares will still
look Grey to the two players, who will not know what particular type of
superposition each square is in. Now, if a Hadamard gate is applied to a
Grey square, the result could be either a√
White or a Black square,
√ depending
whether the initial superposition was 1/ 2(|W i + |Bi) or 1/ 2(|W i − |Bi),
respectively.
This new rule would also affect the entangled states created during the
game, as the two different superpositions will give rise to two different entangled states, when a Grey square plays the role of a control qubit in the
application of a CNOT gate. Also note that the players cannot distinguish
between a square in its initial superposed state and a square that is part of
an entanglement, just by visually inspecting the board, since they will both
look as Grey. Therefore, in a complex situation, it may be very difficult for
a player to figure out which squares are entangled together and what is the
exact entangled state spanning them.
But the most dramatic increase in complexity would arise from extending
the board to an arbitrary size along with requesting a suite of five Black or
White squares to win the game. Nevertheless, the observations formulated
12
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for our simple version of Q3T remain valid in all these possible extensions:
a purely classical player will consistently be defeated by a player endowed
with quantum abilities through the use of the strategies outlined above.

6

Conclusion

In this paper, we have formulated and analyzed a quantum version of TicTac-Toe based on the actual (and not just inspired from the) physical laws
describing the behavior of quantum systems. This property makes our quantum game fully implementable using an actual quantum system and not just
an adapted simulation of a real quantum system. During the investigation,
we have shown that there are quantum strategies which, when followed by a
quantum player, consistently outwits a classical player with a certain probability. This result should not be surprising and should actually be seen as a
direct consequence of the fact that a quantum information processing system
is superior in computational power to a system that can only represent and
process classical information.
Our investigation also clearly shows that the intrinsic complexity and nondeterminism characterizing quantum systems can easily diffuse in the game
play. Arguably the most simple quantum upgrade of classical Tic-Tac-Toe
changes the original game dramatically, reviving it by making it interesting and challenging. This leads to another important property of quantum
games. The difficulty to classically simulate the evolution of a quantum
system may bring back the equilibrium between a human playing against a
machine, an equilibrium that seemed to be lost due to the unfair possibility
to apply brute-force strategies sustained by ever increasing computational
speeds.
Another interesting property exhibited by our quantum game is asymmetry. The particular form of entanglement brought about by the White
player is not the same as the entanglement created by the Black player. This
brings a whole new dimension into the game and certainly deserves a more
thorough investigation to fully understand its consequences.
These observed features of quantum Tic-Tac-Toe hold great promise to
generalize to other games as well and potentially revolutionize the future of
gaming industry. This could be accomplished by pursuing two main directions: create quantum versions of well-known, existing classical games, or
trying to design a new quantum game from scratch in order to best exploit
the potential benefits offered by quantum mechanical principles. Certainly,
the applications of quantum mechanics into the gaming industry look quite
promising and are worth further investigation.
13
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CLOSED TIMELIKE CURVES IN RELATIVISTIC
COMPUTATION
HAJNAL ANDRÉKA, ISTVÁN NÉMETI AND GERGELY SZÉKELY
Abstract. In this paper, we investigate the possibility of using
closed timelike curves (CTCs) in relativistic hypercomputation.
We introduce a wormhole based hypercomputation scenario which
is free from the common worries, such as the blueshift problem. We
also discuss the physical reasonability of our scenario, and why we
cannot simply ignore the possibility of the existence of spacetimes
containing CTCs.

1. Introduction
Gödel in 1949 introduced a cosmological solution of Einstein’s field
equations in which time travel is possible since it contains closed timelike curves (CTCs), see [17].1 Besides Gödel’s rotating universe, there
are several other interesting and physically relevant spacetimes containing CTCs, such as Kerr-Newman rotating black holes [32, Prop.2.4.7]
or Tipler’s rotating cylinder [38] to mention only a few. For more
physically realistic spacetimes containing CTCs, see, e.g., [9].
There are several papers using CTCs to design computers with higher
computational power. For example, Brun [11] uses Novikov’s principle
of self-consistency, see, e.g., [16, p.1916], to design algorithms solving the prime factorization, NP-complete and even PSPACE-complete
problems efficiently. There are other papers using Deutsch’s causal
consistency model [12] based on Everett’s many world interpretation
of quantum mechanics to prove theorems about CTC based quantum
computation [1], [8].
These papers do not aim to challenge the physical Church-Turing
thesis by using the CTCs for hypercomputation (i.e., physical computational scenarios which are able to solve non-Turing computable
problems).
Key words and phrases. closed timelike curves, hypercomputation, relativistic
computation, Malament-Hogarth spacetimes, wormholes.
1
Gödel’s spacetime is not the first in the literature that turned out to contain
CTCs.
1
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In the literature, the well-known concept of Malament-Hogarth spacetime (MH-spacetime for short) is designed to capture those spacetimes
which are suitable for hypercomputation, see, e.g., [13, §4.3], [14, §3],
[18], [19]. A spacetime is called a MH-spacetime if there is an event
(MH-event) whose causal past contains an infinitely long timelike curve.
The idea behind this definition is that a computer traveling along this
infinite path can compute forever and send a signal at any time during
its computation which reaches an observer (programmer) before the
MH-event.
Ignoring the potentially infinite space that the computer might require to carry out an infinite computing task, we can argue that hypercomputation can be implemented in any MH-spacetime as follows.
Let us take, for example, the non-Turing computable problem of the
decision of the consistency of Zermelo-Fraenkel set theory (ZF). While
the programmer moves along a finite worldline through the MH-event,
the computer checks all the proofs from the axioms of ZF one by one
looking for a contradiction. If the computer finds a contradiction, let
it send a signal to the programmer. It is easy to see that the programmer does not get any signal if and only if no contradiction can be
derived from ZF. So if there is no signal before the MH-event then the
programmer learns that ZF is consistent.2
It is easy to show that every spacetime containing a CTC is a MHspacetime, see, e.g., [24, Prop.1]. So if the definition of MH-spacetimes
were our only criteria to accept a spacetime suitable for hypercomputation, then here we could easily close our investigation with the conclusion that hypercomputation can be implemented in any spacetime
containing CTCs.
Nevertheless, we do not stop here. In this paper, we introduce a
scenario that uses wormhole based CTCs for hypercomputation concerning other aspects of spacetime needed for hypercomputation, such
as the potentially infinite space required by the computation. We will
show that our construction has many advantages over the hypercomputational scenarios of the literature, e.g., it is free from the common
worries, such as the blueshift problem.
There are several interesting papers dealing with the connection of
computation and the possibility of time travel. For example, Akl [2]
2
Let us note here that there is no contradiction with the fact that Gödel’s second incompleteness theorem implies that the consistency of ZF cannot be derived
from the axioms of ZF. This is so because, if ZF is consistent, the above hypercomputational scenario does not prove the consistency by deriving it, but decides the
question of consistency by a physical experiment.
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investigates the issue of non-universality of CTC based hypercomputation and Stannett [35] investigates the possibility of P6=NP in spacetimes containing special kinds of CTCs.
For a survey on several physical and mathematical models related to
hypercomputation, see, e.g., Stannett [34].
2. Why don’t we simply ban the existence of CTCs?
Some physicists argue that time travel is too fancy to consider spacetimes containing CTCs physically reasonable. They usually suggest
excluding them by assuming (as an axiom) that there are no CTCs in
physically reasonable spacetimes. However, this direct way of banning
CTCs has a serious drawback. Namely, if we would like to understand whether CTCs can or cannot occur in a “physically reasonable”
spacetime (e.g., in our universe), it is important not to exclude these
spacetimes by brute force (i.e., assuming that CTCs do not exist). As
Monroe writes in his paper [25]: “Thus, causality assumptions, like
Euclid’s parallel postulate, risk closing off interesting lines of investigation.” In general, if we ban a physical phenomenon by an axiom
directly, we will not be able to investigate it any more. Therefore, we
will never be able to (meaningfully) answer the question why this phenomenon cannot occur. So if we assume that CTCs cannot exist, the
only thing we can say about why it is impossible to travel back to the
past is because we have just assumed it.3 In other words, if we simply
ban CTCs by an axiom we will never get any clue why they cannot
occur in our universe or whether they really cannot.
It is interesting that finding natural axioms defining the physically
reasonable spacetimes is not an easy task at all. For example, the so
called energy conditions, which were a kind of natural way to exclude
the “undesirable” spacetimes, have come to seem less natural in recent
decades. Among other things, this is so because some of them simply
exclude the possibility of the accelerating expansion of our universe
(which has been discovered in 1998, see, e.g., [33]). So for example,
we cannot assume the “natural” strong energy condition if we want
to model our actual universe within general relativity. So the strong
energy condition is simply “dead,” but the weaker conditions are also
“moribund” for various reasons, see, e.g., [10]. The condition of being
“hole-free,” introduced by Geroch, also turned out to be too strong
since Krasnikov has shown that even Minkowski spacetime does not
satisfy it [21].
3For

more on why-type question in physics, see [36].
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Spacetime theories consistent with CTCs are not only interesting
because they can be used to design hypercomputers, but because the
concept of time travel (independently of whether it is possible in our
world or not) is interesting by itself from the point of view of logic since
just like the Liar paradox it contains a kind of self-reference (which is
the basis of the grandfather paradox as well as the other paradoxes of
time travel).

3. Problems with putting the computer to the CTC
region
In using CTCs for hypercomputation, it is a natural idea sending
the computer back in time. However, if we put the computer exactly
on the CTC, the computer will go through the same chain of events.
So we have not created a hypercomputer. We have only created a time
traveling computer trapped in an infinite loop.
To avoid this kind of infinite loop of events, we can try to send the
computer back to a location close to its past self. However, if the computer calculates long enough, there will be a (potentially) infinite heap
of computers which might turn into a black hole ruining the whole
project of hypercomputation. For example, if ZF is consistent, a computer trying to decide its consistency will compute forever. Hence, in
this case, our heap of computers will be infinite.
To avoid creating a black hole, we have to send the computer back
such that the overall mass of the created computer heap does not increase too fast with respect to the radius of the heap. We have to avoid
that the radius of the heap becomes smaller than the Schwarzschild radius corresponding to the overall mass of the heap. The Schwarzschild
radius is proportional to the mass. So we can avoid creating a black
hole if we ensure that the mass of the heap of computers is proportional
to the radius of the heap. If the size of the computer does not increase,
this task can be solved, e.g., by putting the spacelike separated occurrences of the computer on a line with fixed distances apart.
Let us now create a four dimensional4 (toy) spacetime in which the
scenario above can be implemented.

4All

the examples of this paper can be constructed in any spacetime dimension
grater than 2, and some of them, e.g., Example 1, can even be constructed in two
dimension.

Proc-158

Combined P&C2011 / HyperNet11 Proceedings

CLOSED TIMELIKE CURVES IN RELATIVISTIC COMPUTATION

5

Time
MH-event
signal

t2
identify

identify

t1
Computer
Programmer
Figure 1. A 3 dimensional illustration of Example 1
Example 1. Let us identify the lower and the upper parts of two horizontal half hyperplanes, illustrated by two half spaces, in Minkowski
spacetime, see Figure 1.5
It is easy to see that our CTC based hypercomputation scenario
can be implemented in the spacetime of Example 1 if the size of the
computer is fixed. However, fixing the size of the computer bounds its
computing power, too. So because of this bound, we have only created
a fast computer with limited computational power, but that is not a
hypercomputer.
5By

this identification, we do not change the metric of the Minkowski spacetime
just its topology. We make the identification in the following way. Let us first
choose two horizontal half hyperplanes such that they intersect the same vertical
lines. Let us first remove the edges of these half hyperplanes (these points will not
be part of our new spacetime). Let t1 < t2 be the time coordinates corresponding
to the two half hyperplanes. Let us connect the edges of the interval [t1 , t2 ); and
similarly let us connect the edges of the half lines (∞, t1 ) and [t2 , ∞) in every
vertical line intersecting the interior of the two half hyperplanes, i.e., every vertical
line intersecting the interior of the half hyperplanes is replaced with a line and a
circle. The circles merge into a 4 dimensional half cylinder which will be the CTC
region of the spacetime and the lines merge into a Minkowski half space. These two
new regions is connected through the other Minkowski half space, which we have
left unchanged.
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MH-event
signal

Computer
Programmer
Figure 2. A 3 dimensional illustration of Example 2
It is highly probable that the MH-spacetime of Example 1 does not
contain enough space for hypercomputation. This is so because the distance of the spacelike separated instances of the computers can only be
increased by increasing the velocity of the computer which is bounded
from above by the speed of light.
We can overcome the distance problem of Example 1, by changing
it the following way.
Example 2. Let us identify, by the method used in Example 1, two
non parallel spacelike half hyperplanes such that the distance of the
spacelike separated instances of the computer increases without changing its speed, see Figure 2.
In Example 2, we have given a CTC based MH-spacetime in which
the (slow enough) increase of the mass of the computer does not risk
that the heap of computers will turn into a black hole.
If the size of the computer increases with time, we have to send it
back such that the distance of the spacelike separated instances of the
computer increases, too. By Examples 1 and 2, we have illustrated
that whether this can or cannot be done depends on the type of the
CTC region we use.
It is clear that sending the computer back to the past over and over
again exaggerated the difficulty of increasing the size of the computer
without creating a black hole. This is so because we not only have to
be careful not to turn the computer itself into a black hole, but we also
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MH-event
signal

finite distance
Computer
Programmer
Figure 3. A 3 dimensional illustration of Example 3
have to ensure that the distances between its simultaneous appearances
increase fast enough. Without sending it back to the past, we could
easily ensure that the computer will never turn into a black hole by
increasing its size faster than its mass.
By the arguments above, it is likely that the computer does not have
enough space for hypercomputation in the spacetime of Example 1.
However, except if the spacetime is 2-dimensional, our argument does
not prove undoubtedly that the computer, by some cunning trick, cannot use the infinite space orthogonal to its movement without turning
into a black hole.
So let us construct a (4-dimensional) MH-spacetime in which the
computer clearly does not have infinite space for hypercomputation.
Example 3. Let us replace the half-spaces with 3-dimensional stripes
having finite width and identify them the same way as in Example 1.
Example 3 is clearly a MH-spacetime in which hypercomputation is
not possible due to the lack of space. Our Example 3, shows the existence of MH-spacetimes, in which hypercomputation cannot be implemented. So (without regarding the question of physical relevance)
there are MH-spacetimes in which the project of hypercomputation
cannot be carried through. Therefore, the concept of MH-spacetimes
has to be refined if we want to capture the concept of those (not necessarily physically reasonable) spacetimes in which hypercomputation
is possible.
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Several papers, e.g., Etesi-Németi [15] or Németi-Dávid [29] put
great effort into showing that in appropriate cosmological backgrounds
(which are consistent with our experimental data about our real universe) the Kerr-Newman rotating black holes are physically relevant
spacetimes suitable for hypercomputation. For example, [29] deals not
only with the issue of the potentially infinite space the computation
requires or the famous blueshift problem, but it also takes into account
the relevant quantum theoretical considerations, such as the evaporation problem of black holes due to Hawking radiation. However, these
papers do not try to introduce precise definitions to extend the concept of MH-spacetimes to capture the spacetimes which are suitable
for relativistic hypercomputation.
Manchak [24] introduces some explicitly defined properties (such
as, signal reliability condition or finite acceleration condition) of MHspacetimes to make them more realistic for hypercomputation. However, he does not list any property ensuring the potentially infinite
space required by the computation in the desirable properties. Moreover, his construction does not contain infinite space for the computer
to compute.
Obviously, relativistic hypercomputation is an infinitely expensive
project. So at first it may sound strange trying to lower its cost. However, even if it is infinitely expensive, it is not the same if the maintenance of the computer costs $1 per century or $1,000,000 per minute.
Let us note here that from the point of view of the hypercomputation
project the computer can be arbitrarily slow since it has infinite time
to compute. So if the computer travels along a geodesic, its yearly
maintenance cost can be quite cheap if it is calculates slow enough.
According to a conjecture of Andréka-Németi-Wütrich, in every spacetime where the CTCs are created by some kind of rotation, the CTCs
have to counter rotate with the rotation creating them. This conjecture is valid in all the well-known spacetimes where CTCs are created
by rotation [7].6 To counter rotate with a rotating mass the computer
has to be accelerated.7 As the mass (size of its data storage) of the
computer increases during its calculation it becomes more and more
expensive (it takes more and more energy) to accelerate it. And that
can make it difficult (if not impossible) to keep the yearly cost (required
energy) of the computer bounded above.
6For

a visual explanation of this counter rotation effect in the case of Gödel’s
universe, see [30, §6].
7For example, Malament showed that the total integrated acceleration of any
√
CTC in Gödel spacetime is at least ln(2 + 5) [23].
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4. A CTC based relativistic hypercomputer that
actually works without problems
Here we are going to present a relativistic hypercomputational scenario based on CTCs that works without the problems presented in
Section 3. All the problems above were generated by sending the computer back in time. So let’s try to design a hypercomputer using CTCs
without sending the computer back to the past.
Is it possible to exploit the CTCs without using it for sending the
computer back to the past? Yes, it is possible. The key idea is to send
only the final result of the computation back to the past.
Let us first create, by using the “cut and paste” method of our
previous examples, a spacetime containing a CTC in which hypercomputation is possible without sending the computer back to the past.
Example 4. Let us identify, by the method used in Example 1, the
sides of two “stationary” boxes in the Minkowski spacetime such that
identification of one of them begins (much) earlier than the other, see
Figure 4.
By Example 4, we have created a kind of wormhole such that one of
its mouths is in the past relative to its other mouth.
Let us now see how a hypercomputational scenario (e.g., decision of
consistency of ZF) can be implemented in this spacetime. It is clear
that, in this spacetime, the computer has enough space and time to
compute remaining outside the CTC region.
Let the computer send a signal to mouth A of the wormhole if it
derives a contradiction from ZF. By the identification, the signal comes
out from mouth B earlier. Now let some device send (reflect) the
signal back to mouth A. If the time delay between mouths A and B is
more than the time that the signal has to take to reach mouth A from
mouth B, the signal enters earlier to mouth A. Repeating this cycle
the signal comes out from mouth B in the far past (only a little later
than the initialization of the computer) where the programmer waits
for the information. So if the computer derives a contradiction from
ZF the programmer receives the signal. And if ZF is consistent (i.e., no
contradiction can be derived from it), the programmer does not receive
any signal and learns that ZF is consistent.
It is an important feature of the construction that the computer can
send a signal back to the past at any time during its infinite computation. It is clear that not every spacetime containing a CTC can be used
to implement this scenario. For example, the spacetimes of Examples
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MH-event
A
signal

B

Computer

Programmer
Figure 4. Illustration of Example 4
1, 2 and 3 are not suitable for a computer avoiding the CTC region to
send signals back to the past.
It is clear that in our scenario, based on Example 4, sending only the
final signal back to the past using the CTC region eliminates all the
problems of Section 3. Moreover, the famous blueshift problem (see,
e.g., [15], [29]) of hypercomputation based on Kerr-Newman black holes
simply does not show up in this scenario.
5. Physically more realistic spacetimes using CTCs for
hypercomputation
In Example 4, we have used the “cut and paste” method for creating
our spacetime, which is a good method for creating counter examples
to show that some logical implications about spacetimes do not hold.
However, this method does not have any other physical relevance.
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By using the twin paradox theorem of relativity theory, we can slowdown time at one of the mouths of the wormhole, see, e.g., [16, §B], [27,
§I], [28]. This slow-down creates a spacetime similar to our spacetime
of Example 4 in which the above hypercomputational scenario can be
realized the same way. So we can create a CTC region similar to that
of our “cut and paste” toy model above by using the twin paradox and
wormholes.
Example 5. We take a spacelike wormhole and accelerate one8 of its
mouths in such a way that after the acceleration the time dilation,
caused by the twin paradox effect, between the two mouths is grater
than the amount of time a signal needs to travel from one mouth to
the other, see Fig. 5.
In the construction of our wormhole based spacetime, we have only
used the twin paradox theorem of relativity theory and wormholes,
whose existence is consistent with the theory of general relativity.
Moreover, wormholes have become more realistic after the discovery
of the acceleration of the expansion of our universe, see, e.g., [10].
6. On the physical reasonability of this setup
The rotating black hole based hypercomputation sends the programmer into a black hole and leaves the computer outside to compute
forever, see, e.g., [15], [29]. A nice feature of our wormhole based hypercomputation as opposed to the rotating black-hole scenarios is that
the programmer can remain at home and does not have to travel into a
rotating black hole. A drawback is that we do not know whether there
are wormholes in our universe or how to create them. While there is
strong observational evidence of the existence of huge rotating black
holes (see, e.g., [26]) which are ideal for hypercomputation, we do not
have such strong experimental evidence for the existence of wormholes.
However, there are attempts to detect wormholes, and some astronomical objects seem promising, see, e.g., [20]. Of course, if there are no
(non-quantum size) wormholes in our universe, there is still hope that
one day we will be able to create some, e.g., by enlarging some quantum
wormholes [27, §H], [28] or by using the Casimir effect [40]. However,
these are only speculations right now.
So wormholes are only speculative objects for the time being. To put
some optimism to the end of this section, let us close it by the following
claim of Visser written in 1997: “The good news about Lorentzian
8The

mouth of the wormhole can be accelerated, e.g., by accelerating some ordinary matter before the mouth which will dragging it by gravitation, see [31, p.146].
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Figure 5. Illustration of Example 5
wormholes is that after about ten years of hard work we cannot prove
that they don’t exist.”[40].9
7. Repeatability of the hypercomputational experiment
So we might decide whether ZF set theory is consistent or not via
our hypercomputer. If the answer is yes, probably we would like to
use another hypercomputer to check whether a stronger axiom system
(e.g., ZF together with some large cardinality assumption) is still consistent. If we found out that ZF is inconsistent, obviously we would
like to use a hypercomputer to check the consistency of some weaker
9That

is, so far there is no observation of a wormhole (or laboratory experiment
providing one), but at least it is difficult to disprove their existence based on our
spacetime theories.
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set theory (e.g., the theory of hereditary finite sets). Not to mention
that there are other interesting non-Turing computable questions besides the decision of the consistency of set theories. So it would be nice
if the hypercomputational experiment would be repeatable.
The hypercomputational scenarios are typically not repeatable or
their repeatability strongly depends on things that we do not know or
cannot influence, such as what the programmer finds inside the rotating
black hole he has jumped into.
What about the repeatability of our wormhole based hypercomputation? If there are wormholes, then probably there are more than one
or if we can create wormholes, then probably we can create more than
only one of them. So, if we can have one, it is plausible that we can
have several from the key part of our hypercomputer. What about the
infinite spacetime that the hypercomputer consumes during its computation? It is reasonable to assume that our universe is potentially
infinite (since its expansion accelerates right now and we have absolutely no reason to think that this fact will change in the future). If
we have infinite space for the first computer, then we will have enough
space for the second, the third, etc. computers if we use it wisely. The
trick is simple: use only 1/2,000,000 of the infinite space for the first
computer (it is enough since it is still infinite) use 1/4,000,000 for the
second computer, 1/8,000,000 for the third, etc. Then we will never
pollute more than 1/1,000,000 of our universe with the electronic waste
of our hypercomputers. So it is reasonable that the wormhole based
hypercomputation is repeatable.
8. faster than light motion and closed timelike curves
It is a common belief that faster than light motion, which is possible
in (1+1) dimension even for observers, see, e.g., [3, §2.7], [22, §2.7], entails CTCs. In the case of (1+3) dimension, the fact that no observer
can move faster than light can be derived (in the sense of mathematical logic) from a streamlined axiom system of special relativity called
SpceRel, see [5, Theorem 2.1]. In the proof of Theorem 2.1 of [5], it was
strongly used that the dimension of space is grater than that of time.
This fact and that there can be observers moving faster than light in
the case of (1+1) dimension motivates us to conjecture that there is
a natural generalization of SpecRel for the case of (3+3) dimension in
which faster than light motion is allowed for observers.
If an observer sends out a faster than light signal, this signal travels
backwards in time according to some observers moving relative to him.
This fact suggests that, if observers can move faster than light, then
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they can travel back in time. So the above common belief about CTCs
and faster than light motion seems reasonable.
However, it is not true. Using the axiomatic method it is possible
to show that faster than light motion of observers does not imply the
possibility of time travel by itself. Moreover, time travel is possible by
using faster than light observers only if it is possible without them.10
Why are we interested in (1+1)-dimensional and (3+3)-dimensional
spacetime theories when we are apparently living in a (1+3)-dimensional
one? Because we are logicians and therefore we are interested in logical
connections of the possible axioms (basic assumptions) of our theories
including the ones concerning the space and time dimensions. Besides
this, we also would like to understand all the possible universes (that
could have been created) and not just our sole universe we live in.
9. Concluding remarks
We have seen that sending a computer back in time is a kind of
awkward and problematic way to use CTCs to create hypercomputers. The idea of sending only the final result of the computer back in
time gives us a much more convenient way to utilize the CTCs. We
have shown using wormholes a spacetime containing CTCs that can be
utilized for hypercomputation by sending only signals back. We have
seen that except that the existence of wormholes is less well-supported
by experimental evidence than that of rotating black holes, wormhole
based hypercomputation has several advantages over the black hole
based version.
It would be interesting to create and logically analyze (in the spirit
of [4], [5], [22], [37]) an axiomatic theory of relativistic computation
containing not only basic concepts required by the spacetime theory
but also the concepts needed to formulate the scenario of hypercomputation in the language of the theory. The same way as the axiomatic
investigation leads to a deeper (more logical) understanding of relativity theories, it would lead to a better understanding of the theory of
relativistic hypercomputation.
We do not claim that the story ends here or that all the questions of
wormhole based hypercomputation are answered here. On the contrary,
we think that there remain several interesting unanswered questions
and our main motivation is to arouse the interest about the subject of
10This

result is based on a joint research of Mike Stannett (University of
Sheffield) and our research group led by Hajnal Andréka and István Németi (Rényi
Institute) [6].
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wormhole based hypercomputation as a possible rival of the black hole
based one.
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Abstract
We propose to “boost” the speed of communication and computation by immersing the computing environment into a medium whose
index of refraction is smaller than one, thereby trespassing the speedof-light barrier.

The Church-Turing and the Cook-Karp theses, as well as other, more general limits on computation, are under permanent “scrutiny” [cf. e.g., Davis
(1958, p 11) or Deutsch (1985, p. 5)] by the physical sciences. Some recent issues which have been raised comprise Zeno-squeezed accelerated time
scales (Weyl, 1949; Hogarth, 1992; Durand-Lose, 2005; Németi & Dávid,
2006; Svozil, 2009) enabling the construction of “infinity machines” capable
of hypercomputation (Davis, 2006; Doria & Costa, 2006; Ord, 2006), counterfactual computation (Mitchison & Jozsa, 2001) and cryptography (Noh,
2009) based on quantum counterfactuals (Elitzur & Vaidman, 1993; Vaidman, 2007), as well as the dissipation limits to computation (Leff & Rex,
1990). Here we shall consider the possibility to speed up optical (Chiao &
Milonni, 2002) computations and communication by transgressing the speed
of light barrier in vacuum. Note that, although the speed of light barrier

1
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appears to be a fundamental limit for the transfer of “freely willable” information (Recami, 2001), several ways for “signals” trespassing the relativistic light cone (Alcubierre, 1994), even to the extent of time travel (Gödel,
1949; Nahin, 1998; W.Hawking, 1992; Deutsch, 1991; Greenberger & Svozil,
2005), have been proposed. There appears to be a consensus that, just as
for quantum correlations featuring (un)controllable non-locality (Shimony,
1984) via outcome dependence but parameter independence, “signal” signatures beyond the velocity of light limit (Milonni, 2002) could be tolerated
at the kinematical level (Liberati et al., 2002) as long as they are “benign”
and thus incapable of rendering diagonalization-type (Davis, 1958; Smullyan,
1992) paradoxes. This means that no paradoxes of self-referentiality, such as
the “grandfather paradox” (e.g., by travelling back in time and killing one’s
own biological grandfather before the latter has met one’s grandmother),
should occur (Bell, 2002).
In what follows we propose to “boost” the speed of communication and
computation by “pushing” the computer into a medium whose index of refraction is smaller than one. The speed of communication by light signals
varies indirectly proportional to the index of refraction, differing greatly for
various forms of media, substrata or “ethers” susceptible of the traversal of
light. Quantum field theory allows the index of refraction to become smaller
than one, thereby formally indicating a speed of photons exceeding the classical speed of light limit in vacuum.
How can one envisage such a computational substratum? One concrete
realization would be the construction of an universal optical computer based
on beam splitters (Zeilinger, 1981) capable of rendering arbitrary discrete
unitary transformations (Reck et al., 1994; Zukowski et al., 1997; Svozil,
2005) immersed in a transparent medium occupied by charged fermions. Note
that, as optical computers are far more than just photons or beams of light,
a necessary requirement for any such computer to properly function would
be that the optical components of the computer, such as in particular beam
splitters and phase shifters, would work as expected in such a medium.
“Diagrammatically speaking” (Feynman, 1962; Schweber, 1984; ‘t Hooft
& Veltman, 1973), i.e., in terms of perturbative quantum field theory, a
photon, i.e., the “unit quantum of light” associated with a particular mode of
the electromagnetic field, travels through the vacuum ether medium (Dirac,
1951) by polarizing it through partly “splitting up” into an electron-positron
pair and recombining. In solid state physics, this phenomenon gives rise to
lattice excitations called phonons (Stroscio & Dutta, 2005). The electrons
2

Proc-174

Combined P&C2011 / HyperNet11 Proceedings


k

εF

k

Figure 1: Lowest order vacuum polarization diagram.
and positrons are themselves subject to higher order radiative corrections
involving photons.
Thus, any change of vacuum polarization, such as finite boundary conditions, or increased or decreased pair production, alters the susceptibility
of the vacuum ether medium for carrying electromagnetic waves, and thus
results in a change of the velocity of light. Historically, this effect has first
been studied for magnetic fields (Erber, 1961, 1966; Adler, 1971) and finite temperatures (Gies & Dittrich, 1998). The first indication of a vacuum
polarization-induced index of refraction smaller than one was reported by
Scharnhorst (Scharnhorst, 1990; Milonni & Svozil, 1990; Scharnhorst, 1998)
and Barton (Barton, 1990; Barton & Scharnhorst, 1993) in an attempt to
utilize the reduced vacuum polarization in the “Casimir vacuum” (Milonni,
1994) between two conducting parallel plates. More recently, trans-vacuumspeed metamaterials (Ziolkowski, 2001; Ziolkowski & Cheng, 2003; Tretyakov,
2004; Ziolkowski, 2004; Shvartsburg et al., 2008) as well as negative refractive
indices in gyrotropically magnetoelectric media (Qiu & Zouhdi, 2007) have
been suggested. It would be interesting to extend these calculations to the
squeezed vacuum state by computing the polarization in such an “exotic”
vacuum (Putz & Svozil, 2004).
One of the possibilities which have not been discussed so far is the immersion of the computing environment into a vacuum ether medium “filled”
with electrons or positrons. In such an environment, the Pauli exclusion
principle would “attenuate” pair creation, thereby reducing the polarization
of the medium, resulting in a reduced index of refraction as well as in an
increase of the velocity of light.
After regularization and renormalization, the lowest order change to the
radiative correction associated with the vacuum polarization (whose Feynman diagram is depicted in Fig. 1) can be written as (Pauli & Villars, 1949;
Feynman, 1949; Schweber, 1984)
∆Πµν (k 2 ) = − gµν k 2 − kµ kν
3
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where m stands for the electron rest mass and εF denotes the cutoff associated
with the filled electron or positron modes; the calculation assumed k 2 < m.
Let µ stand for the vacuum polarization. Then we can introduce an effective
mass term (Schwinger, 1951; Tsai & Erber, 1974, 1975)
M (k) = µ Πµν (k)ν

(2)

such that the eigenvalue equation is
k2 + M (k) = (k 0 )2 ,

(3)

1
M (k).
2ω

(4)

where k µ = (k, k 0 = ω); and
|k| ≈ ω −

Thus the index of refraction can be defined by
n(ω) =

|k|
1
≈ 1 − 2 M (k).
ω
2ω

(5)

Hence the change of the refractive index is given by
∆n(ω) ≈ −

εF
α
(µ kµ )2 log .
2
3πω
m

(6)

The group velocity is given by (Scharnhorst, 1998, Equ. (2)) vgr = c/ngr
with ngr (ω) = n(ω) + ω [∂n(ω)/∂ω], which, for transversal waves, turns out
to be n(ω). As a result, the speed of light c/(1 − ∆n) ≈ c + ∆c is changed
by ∆c = c∆n.
Note that group velocities, like phase velocities and energy velocities, are
not in general signal velocities. Thus a group velocity exceeding the vacuum
speed of light c does not contradict relativity (Chiao, 1993; Diener, 1996;
Chiao & Milonni, 2002).
Nevertheless, as has already pointed out, this effect can be used to “push”
the computer into a domain of faster-than-light computation; with the possibility to decrease its time cycles accordingly. One should keep in mind that
at present such a possibility merely remains a theoretical speculation; this
hypothetical character being shared with some relativistic “realizations” of
hypercomputers. Nevertheless it might be interesting to pursue the possibilities related to temporal quantum field theoretical speedup further, for in
4
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principle nothing prevents ∆n in Eq. (6) or in other “exotic” vacuum states
from approaching one, yielding an unbounded cycle speed, associated with
expanding memory requirements (Calude & Staiger, 2010).
In summary we have discussed field theoretic options for the “speedup”
of communication and computation. These are based on the alteration of
the polarization of “exotic vacua” and the respective changes of the index
of refraction. The speed of light is modified in indirect proportion to the
refractive index of the medium it is travelling through. Thus for materials
with a refractive index smaller than unity, light travels faster than it does in
“normal” vacuum whose index of refraction is associated with unity. Hence,
optical computers operating in such an “exotic” medium, if they existed,
could compute faster than computers in “normal” vacuum or ordinary materials which have refractive indices equal to or greater than unity. Feasible
realization of universal computers utilizing this effect could employ generalized beam splitters capable of realizing arbitrary discrete unitary operators.
We have discussed a general physical framework for “exotic” vacua with
indices of refraction strictly smaller than unity. One such vacuum state is responsible for the hypothetical Scharnhorst effect, for which the polarizability
of the vacuum “medium” is effectively reduced by the boundary conditions
of the electromagnetic field between two conductors (e.g., parallel plates).
Another possibility which is introduced here is the occupancy of charged
fermionic, in particular electronic, states, which would partially inhibit the
pair production of fermion-antifermion (electron-positron) pairs contributing
to the vacuum polarization even in lowest nontrivial order of the perturbation series. It should be emphasized that these findings do not represent the
possibility to circumvent relativistic causality, nor are they inconsistent with
the present formalism of relativity theory or the theory of quantized fields.
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Smullyan, R. M. (1992). Gödel’s Incompleteness Theorems. New York, New
York: Oxford University Press.
Stroscio, M. A. & Dutta, M. (2005). Phonons in Nanostructures. Cambridge:
Cambridge University Press.
Svozil, K. (2005). Noncontextuality in multipartite entanglement. J. Phys.
A: Math. Gen., 38, 5781–5798. Available from: http://dx.doi.org/10.
1088/0305-4470/38/25/013, arXiv:quant-ph/0401113, doi:10.1088/
0305-4470/38/25/013.
Svozil, K. (2009). On the brightness of the Thomson lamp: A prolegomenon
to quantum recursion theory. In Calude, C. S., Costa, J. F., Dershowitz,
N., Freire, E., & Rozenberg, G. (Eds.), UC ’09: Proceedings of the 8th
International Conference on Unconventional Computation, (pp. 236–246).,
Berlin, Heidelberg. Springer. Available from: http://dx.doi.org/10.
1007/978-3-642-03745-0_26, doi:10.1007/978-3-642-03745-0_26.
‘t Hooft, G. & Veltman, M. (1973). Diagrammar. CERN preprint 73-9. Available from: http://doc.cern.ch/yellowrep/1973/1973-009/p1.pdf.
Tretyakov, S. A. (2004). Comment on “existence and design of transvacuum-speed metamaterials”. Physical Review E, 70 (6), 068601. Available from: http://dx.doi.org/10.1103/PhysRevE.70.068601, doi:10.
1103/PhysRevE.70.068601.
Tsai, W. & Erber, T. (1974). Photon pair creation in intense magnetic fields.
Physical Review D, 10 (2), 492–499. Available from: http://dx.doi.org/
10.1103/PhysRevD.10.492, doi:10.1103/PhysRevD.10.492.
Tsai, W. & Erber, T. (1975). Propagation of photons in homogeneous
magnetic fields: Index of refraction. Physical Review D, 12 (4), 1132–
1137. Available from: http://dx.doi.org/10.1103/PhysRevD.12.1132,
doi:10.1103/PhysRevD.12.1132.
11

Proc-183

Combined P&C2011 / HyperNet11 Proceedings

Vaidman, L. (2007). Counterfactuals in quantum mechanics. In D. Greenberger, K. Hentschel, & F. Weinert (Eds.), Compendium of Quantum Physics (pp. 132–136). Berlin, Heidelberg: Springer. Available
from: http://dx.doi.org/10.1007/978-3-540-70626-7_40, arXiv:
arXiv:0709.0340, doi:10.1007/978-3-540-70626-7_40.
Weyl, H. (1949). Philosophy of Mathematics and Natural Science. Princeton,
NJ: Princeton University Press.
W.Hawking, S. (1992). Chronology protection conjecture. Physical Review D, 46 (2), 603–611. Available from: http://dx.doi.org/10.1103/
PhysRevD.46.603, doi:10.1103/PhysRevD.46.603.
Zeilinger, A. (1981). General properties of lossless beam splitters in interferometry. American Journal of Physics, 49 (9), 882–883. Available from:
http://dx.doi.org/10.1119/1.12387, doi:10.1119/1.12387.
Ziolkowski, R. W. (2001). Superluminal transmission of information through
an electromagnetic metamaterial. Physical Review E, 63 (4), 046604. Available from: http://dx.doi.org/10.1103/PhysRevE.63.046604, doi:10.
1103/PhysRevE.63.046604.
Ziolkowski, R. W. (2004). Reply to “comment on ‘existence and design of trans-vacuum-speed metamaterials’ ”. Physical Review E, 70 (6),
068602. Available from: http://dx.doi.org/10.1103/PhysRevE.70.
068602, doi:10.1103/PhysRevE.70.068602.
Ziolkowski, R. W. & Cheng, C.-Y. (2003). Existence and design of transvacuum-speed metamaterials. Physical Review E, 68 (2), 026612. Available from: http://dx.doi.org/10.1103/PhysRevE.68.026612, doi:10.
1103/PhysRevE.68.026612.
Zukowski, M., Zeilinger, A., & Horne, M. A. (1997). Realizable higherdimensional two-particle entanglements via multiport beam splitters.
Physical Review A, 55, 2564–2579. Available from: http://dx.doi.org/
10.1103/PhysRevA.55.2564, doi:10.1103/PhysRevA.55.2564.

12

Proc-184

Combined P&C2011 / HyperNet11 Proceedings

The Myth of ‘The Myth of Hypercomputation’
Naveen Sundar G & Selmer Bringsjord
Department of Computer Science
Department of Cognitive Science
Rensselaer Polytechnic Institute (RPI)
Troy NY 12180 USA
selmer@rpi.edu • govinn@rpi.edu
May 5, 2011
Abstract
A myth has unfortunately arisen in connection with Martin Davis’s rather aggressively titled
paper “The Myth of Hypercomputation.” The myth is that Davis is profoundly and decisively
right therein, and that hypercomputation is indeed therefore a myth. We show herein that Davis
is wrong: i.e., that it’s a myth that hypercomputation is a myth. We begin by pointing out and
putting to use an obvious fact about the adjective ‘mythic.’ (E.g., if it’s a myth that φ (= if
φ is mythic), where φ is some declarative statement, then φ is false.) These facts allow us to
quickly prove that some of the propositions Davis can be fairly read as advancing are provably
false, that some are vacuously true, and that the remainder are indeterminate. Since all that he
advances falls into one of these categories, his project is an utter failure.
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1

Introduction

By any metric, there has over the past two decades or so been an explosion of research devoted to the
study of what is commonly known as hypercomputation (Bringsjord & Arkoudas 2004, Bringsjord
& Zenzen 2003, Burgin & Burgin 2005, Eberbach 2007, Eberbach 2008, Eberbach & Burgin 2009,
Hamkins & Lewis 2000, Garzon 1995, Milner 2007, Milner 1999, Siegelmann 1999, Syropoulos 2008,
Alan 1939, Wegner 1997, Wegner 1997, Burgin 1986, Putnam 1965, Gold 1965, Schaller & Svozil
2009, Copeland 2002, Siegelmann & Sontag 1994, Bringsjord 2001). Other terms also have some
currency. For example, some researchers use super-recursive as an adjective that can be applied for
example to the customary categories of elementary recursion theory; for instance, to ‘algorithms,’
‘machines,’ and so on; and thus some speak of such phenomena as ‘super-recursive machines.’ The
research in question has enormous span: it ranges from the study of purely theoretical models of
hypercomputation; to the study of cognitive processes (e.g., computational learning) that include
or exclude hypercomputation, and may or may not be actual; to the formal description of physical
processes that include hypercomputation, and may or may not be actual; to (invariably exotic)
proposals for building and harnessing hypercomputation.1
Hypercomputation qua field is a success if one or more of three possibilities hold; namely,
• Possibility 1 or η1 : The Church-Turing Thesis2 is false; and it follows that there exist
effective computations for functions that aren’t Turing-computable.
• Possibility 2 or η2 : There are hypercomputational physical phenomena that may or may
not be harnessable. In this case, the functions representing the dynamics of such phenomena
are of course Turing-uncomputable.3
• Possibility 3 or η3 : There are hypercomputational cognitive phenomena that may or may
not be harnessable. In this case, the functions representing the dynamics of such phenomena
are of course Turing-uncomputable.
Given this trio, we identify hypercomputation (as a declarative claim, as opposed to a label for
an area of research) with η, which we in turn set to the disjunction η1 ∨ η2 ∨ η3 . Since to correctly
say that some proposition is a myth, or is mythic, is to say (possibly among other things), that
this proposition is false, Davis’s overarching claim is that η is false; that is, that ¬(η1 ∨ η2 ∨ η3 ).
In this short paper, our purpose isn’t to establish η; it’s rather to defend hypercomputation (= η)
1

As we soon discuss, much of the research across this span is in the nature of specifying abstract models that
might correspond to actual physical processes. To our knowledge, every respectable researcher working in the realm
of hypercomputation cheerfully agrees that the human race is nowhere near building an actual, harnessable hypercomputer.
2
The Church-Turing Thesis (CTT) relates effective computability with Turing computability. The first notion is
an intuitive notion of computability; the second is a formal one. Specifically:
CTT Any function f : N 7→ N is effectively computable if and only if it is Turing-computable.
More detailed definitions of the terms and associated concepts can be found in (Bringsjord & Arkoudas 2006); and
there can be found in addition an argument for the falsity of CTT. Recently, Smith (2007) has tried to “squeeze”
the informal notion between two formal notions (KU machines and the partial-recursive functions) for the purpose of
providing a formal-argument-bordering-on-proof of CTT. As has been shown by Bringsjord & Govindarajulu (2011),
this argument fails, as it ignores a gamut of features that one can quite reasonably associate with any intuitive notion
of effective computation.
3
Please note that physical phenomena can be actual, but not harnessable. Harnessability requires not only that
the process in question is physically possible, and not only that it’s physically actual, but that people can use
such a process to problem-solve. For the common-sensical framework here tacitly relied upon, see (Bringsjord &
Zenzen 2002).
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against the intense skepticism expressed by Davis in his unwarrantedly influential “The Myth of
Hypercomputation” (Davis 2004). If one wants to prove the falsity or “myth” of hypercomputation,
one must start from commonly agreed premises and prove Davis’s overarching claim. As we shall
see, Davis does no such thing.4
In contrast to work in the theory of computation and in hypercomputation, Davis’s paper
is informal in style; consequently, we had to extract the premises asserted and the conclusions
supposedly derived. The exegesis is further complicated by the fact that Davis’s paper is littered
with quite a few digressions that don’t contribute to the central arguments in his paper. We
examine these central arguments (and also the digressions, to a degree) as we try to extract the
assumptions and arguments. We classify the arguments by Davis into: direct or indirect attacks on
η1 ; such attacks on η2 ; such attacks on η3 ; and digressions. The next three sections, in order, each
refute each of these three types of arguments. The result in each case is that the argumentation in
question from Davis fails.

2

Attacks on η1

Davis recounts some of the well-known early history of the theory of computation (recursion theory)
and what was supposedly proved during that period. He writes:
During the 1930s, as a result of the work of a number of logicians, it became possible to explain
with full precision what it means to say for some given problem that an algorithm exists providing
a solution to that problem. Moreover it then became feasible to prove for certain problems no
such algorithm exists, that it is impossible to specify an algorithm that provides a solution to
those problems. (Davis 2004, 196–197; emphasis his)

In the first sentence here Davis is obviously referring to the “easy” direction of CTT. Proceeding
to the second sentence with this in mind, we find in this sentence the expected but false claim:
Without CTT presupposed, there can be no proof that it is impossible to specify any algorithm
for a certain class of problems. So we conclude that Davis blithely implicitly assumes CTT. It thus
follows immediately that Davis assumes the negation of what he is trying to disprove; he assumes
¬η1 . The fallacy of petitio principii is a cardinal sin that students in introductory logic courses are
taught to avoid.5
One might give up hope in the paper at this point, but we charitably proceed on.

3

Attacks on η2

η2 states that
There are hypercomputational physical phenomena that may or may not be harnessable. In
this case, the functions representing the dynamics of such phenomena are of course Turinguncomputable.

As this indicated, hypercomputation researchers circumspectly hold (in connection with physics
and the physical world) that there may or may not be physical phenomena (i.e., phenomena described in the language of physics) that are hypercomputational in nature. A rather large number
4
We can’t of course hope in the span of this brief paper to rebut all objections to hypercomputation, but our sense
is that Davis’s paper has (unaccountably, by our lights) reached a position of received “truth,” and hence makes for
a suitable target.
5
Not only is the reasoning circular, but it at least one false premise. To explain something with “full precision”
one presumably has a fully formal scheme at one’s disposal; but since CTT (and all variants) has at its heart informal
notions (e.g., effective computation), full precision is impossible to achieve.
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of physical and mathematical models of hypercomputation have been put forward so far; 20 or more
according to Stannett (2006); call them m1 , . . . , mn . Any refutation of η2 must include demonstration that none of the mi can possibly be harnessable. Scour the literature all you want, every day
around the clock with modern search tools for a year or more, having given up your job to carry
out the search, and you’ll find no such demonstrations.

3.1

Finiteness Assumptions

All hypercomputation models exploit infinite resources in some manner. Let η20 represent some
formalization of the statement “There exists (in the mathematical universe) machines that can
exploit infinite resources; and such machines can be harnessed by people.” So one can say η2
implies η20 (η2 → η20 ).
Davis offhandedly rules out machines which can harness in infinite resources in some way:
But it is worth noting that unlike the abstract algorithm that countenances no limitation on the
size of the numbers being added, a machine implementing this algorithm, being a finite physical
object, is constrained to accept only numbers smaller than some definite amount. (Davis 2004,
198)

The above statement amounts to asserting ¬η20 , and hence — by modus tollens — ¬η2 .

3.2

Uncomputable Weights and Weights

The main premise of this attack is that Turing-uncomputable inputs are necessary to produce
Turing-uncomputable outputs in all hypercomputational models. This can be found at the beginning of the paper, were Davis promises that
When the claims are viewed critically, it is seen that they amount to little more than the
obvious comment that if non-computable inputs are permitted, then non-computable outputs
are attainable. (Davis 2004, 196)

When reading this, one charitably assumes that the phrase “the claims” refers to all the aforementioned models m1 , . . . , mn ; but as we read further we find that the “the claims” refers to
only Seigelmann’s analog networks in (Siegelmann 1995). Davis examines non-Turing computation in Seigelmann’s analog networks, and then observes that since Siegelmann’s analog networks
can compute a Turing-uncomputable function only if they have as one of their weights a Turinguncomputable number, all models of Turing-uncomputable models work only if they are given
Turing-uncomputable inputs. This is patently fallacious reasoning.
Unfortunately, the reader is not shown, other than this criticism of Seigelmann’s neural networks, how all hypercomputational models derive Turing-uncomputability only from the the Turinguncomputability of their inputs. Davis ignores numerous other models of hypercomputation. In
fact, he ignore the original conception that goes back to Weyl and Russell, according to which
hypercomputation is purchased by simply allowing standard computation to happen faster and
faster. Davis disdainfully credits Copeland with coining the term ‘hypercomputation,’ which
makes it somewhat ironic that Copeland’s accelerating Turing machines needn’t take in Turinguncomputable inputs to produce Turing-uncomputable outputs(Copeland 2002). One does not
even find a mention in the paper of such other models!
Furthermore, Siegelmann’s models do more than transfer uncomputability from inputs to outputs. Siegelmann’s models provide a model of computation in which real-numbered inputs can be
exploited to provide outputs. There is no way in which conventional Turing machines can use real
numbers in the manner of Siegelmann’s machines.
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For a comprehensive list of models which do and do not use non-computable inputs see (Stannett
2006, Ord 2006). An extensive list is also given in (Bringsjord & Arkoudas 2004).

3.3

Abstractness and Approximations

Though Davis venerates the “abstractness” of Turing’s models (and equivalents thereof), he fails to
acknowledge that most hypercomputational models are abstract ones which no one hopes to build
in the near future (Stannett 2005). The abstractness argument is as follows
1. Even Turing machines are abstract models that can’t be implemented fully.
2. Therefore, no other more powerful model can be implemented fully.

Davis here concedes that Turing machines are abstract models which can’t be implemented
physically. Thus Davis unwittingly pushes Turing machines into the realm of models without any
full physical implementation. But then by his standards, Turing computation now becomes another
“myth.”

3.4

Necessity of Non-computable Real Numbers in the Physical Theory

Davis then says
The hope that physical theory will somehow lead to a non-computable real number appears to
underlie much of hypercomputation movement. (Davis 2004)

As we have explained, a large number of hypercomputation models do not need non-computable
inputs.

3.5

Science-Based Arguments

Davis’s physics- and science-based arguments against hypercomputation are painfully imprecise.
First, as is clear from η2 , hypercomputation researchers assert that hypercomputation is mathematically possible (and this has been proved outright), and that such information processing may
or may not be harnessable by people. There is at present no outright proof that hypercomputers
can be constructed and harnessed. Davis is apparently ignorant of this fundamental and universally
understood state-of-affairs.
Davis also compares hypercomputation research with the search for a perpetual motion machine,
a comparison that is so absurd and unfounded that we did not include it in our main analysis, and
instead address it in our discussion of digressions (§5).
To make clear the flaws in Davis’s reasoning, we turn to a well-established and general formalism
for studying and proving results about the scientific process. This formalism is based on Gold’s
learning paradigm (Gold 1967); a detailed account of this paradigm and its extensions can be found
in (Jain et al. 1999). In the next section we give a very brief overview of this paradigm, which call
the Science of Sciences, and abbreviate as SoS.
3.5.1

SoS

The paradigm we specifically use is the language identification paradigm. Since computing machines
can be thought of as language-recognizing devices, this paradigm fits nicely with proving statements
about what machines can be found in Nature. A language L is a set of finite strings composed
from a finite alphabet Σ; that is L ⊆ Σ∗ . A language represents some subset of the natural
numbers and is used to represent a possible reality that the scientist wants to uncover, in our
4
Proc-189

Combined P&C2011 / HyperNet11 Proceedings

case computing machines of varying powers.6 Only the recursively enumerable languages E are
considered in most works on SoS (e.g., see Jain et al. 1999); this is of course already a presupposition
against hypercomputation by a scientist. A scientist F operates in some fixed and unknown reality
Lt and gets data from Nature in the form of strings from the language Lt . The job of the scientist
is to produce hypotheses about the possible true language from which strings are presented to
it. A scientist is modeled as any function F : SEQ → N; where SEQ is the sequence of all finite
strings that Nature can produce. The output of the scientist is a natural number which corresponds
to a representation of some partial-recursive function in some programming system ν. A scientist
encodes a language L using a natural number i by using the set of strings accepted by the ν program
i, written Wiν = L.
Initially, Nature prepares an enumeration T of Lt ∪ {#}, where # is the blank symbol. Nature
then presents the elements of T , also known as a text for Lt , sequentially to the scientist at each
instant in a discretized timeline. The scientist then produces a hypothesis or a conjecture after
examining the data it has seen from Nature so far. Figure 1 illustrates this process. A scientist is
said to identify a text T if it produces only a finite number of conjectures and the last conjecture
is correct. This process is called convergence.7 A scientist is said to identify a language L if it
can identify all texts for the language. A scientist is said to identify a collection of languages L if
it can identify all languages L ∈ L. If there are no scientists who can identify a text, language,
or a collection of languages, then the corresponding text, language, or collection is said to be
unidentifiable.
Figure 1: The Science of Sciences Model
Mi , i ∈ N

σ ∈ SEQ

such that Mi acceptsL

input

output

M3

F

u0 u1 #

T

Text

L (r.e.)

Scientist

3.5.2

# u2 u3

Identifying Machines in Nature

We modify the formalism presented above in one respect: we allow the possibility of the language
K̄ = {i | i 6∈ Wiν }, which is the non-recursive set of all indices of machines which do not halt on
their own index. Let the index to be output by the scientist for K̄ be 0, and let the indices of all
languages in E be shifted by 1. Consider a fictional universe where there is a computing machine
or process H whose internals are not fully known to our scientist. The machine takes a natural
number as input in some encoding and runs some computation internally; either via primitive
physical processes which cannot be decomposed further or through more compound processes. For
all the numbers that the machine n halts on, it has been proved by our scientist that n ∈ K̄. The
machine does not seem to halt on all inputs, so its behavior is not known for those inputs. A
6

It is assumed that physical measurements can be represented with arbitrary precision using the rational numbers,
which in turn can be represented using the natural numbers.
7
Equivalently, for identification, the scientist can produce an infinite number of conjectures as long as the scientist
is wrong only a finite number of times.
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rational scientist, who a prior should admit the possibility of K̄ = Lt , cannot rule out the case that
K̄
the true language Lt is K̄. So the set of hypotheses for a rational scientist is L+
hyp = Lhyp + K̄,
where Lhyp = {K̄f in | K̄f in is finite and K̄f in ⊂ K̄}.
Two needed lemmata, which parallel those from basic SoS, are given now.
SoS1 Let FIN be the collection of all finite languages; and let L be infinite. Then L+FIN is not identifiable
by any scientist.
SoS2 A scientist is said to be self-monitoring if it can signal its own convergence, the point in the text
when the scientist produces its final conjecture. No self-monitoring scientist identifies FIN . Since the
SoS formalism lacks any notion of declarative statements, we take the notion of the self-monitoring
signal to be a declaration of the statement that the scientist knows that the final conjecture has been
produced.
+K̄
From SoS1 , we have that no scientist can identify Lhyp
. Even if a scientist a priori rejects the
possibility of K̄ and sticks with only Lhyp , by SoS2 the scientist cannot be self-monitoring. That
is, that scientist can never be sure that a final theory has been reached. So any one, including
Davis, who claims that Lhyp is the case, are stating the absurd when they claim that H is not
hypercomputational, and also when they claim that all the dynamics behind H are known.
The above presentation involving the single machine H as the entire universe under study by
the scientist is an abstraction for the case where H represents the exploitable computation power
for recognizing elements from K̄. It is obvious that our universe is represented by some element of
LK̄
hyp when it comes to H, and, therefore, the above arguments apply to our case.

4

Attack on η3

The Science of Sciences theory used in the previous section was introduced by Gold with the aim of
formally studying learning and language acquisition. This study goes by the name Computational
Learning Theory (CLT) and shares much of its formal mathematics with SoS. In CLT, we have a
learner who has to learn a formal language, known as the target language or Lt . The learner is
presented a string from the language Lt in some order. The learner is supposed to learn the language
no matter what order the strings are presented in and no matter what the actual language, chosen
from a set of languages within the learning ability of the learner. These constraints plausibly
mirror aspects of the human developmental process, as children can learn almost only from positive
examples presented in almost any order, and can learn any of the human “natural” languages.
The mathematics of CLT is similar to that of SoS; they differ mostly in the interpretation of
the mathematics. The following definitions parallel those given above for the CLT. A language L
is a set of finite strings composed from a finite alphabet Σ; that is L ⊆ Σ∗ . Only the recursively
enumerable languages E are considered in (Jain et al. 1999). A learner F has to learn a fixed and
unknown language Lt and gets data from a teacher in the form of strings from the language Lt .
The job of the learner is to produce hypotheses about the possible true language from which strings
are presented to it. A learner is modeled as any function F : SEQ → N; here SEQ is the sequence
of all finite strings that nature can produce. The output of the learner is a natural number which
corresponds to a representation of some partial-recursive function in some programming system ν.
A learner encodes a language L using a natural number i by using the set of strings accepted by
the ν program i, written Wiν = L.
Initially, the teacher prepares an enumeration T of Lt ∪ {#}, where # is the blank symbol. The
teacher then presents the elements of T (also known as a text for Lt ) sequentially to the learner at
each instant in a discretized timeline. The learner then produces a hypothesis or a conjecture after
examining the data it has seen from the teacher so far.
6
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In most analyses in CLT, no computational limits are placed on the learner F. Only informationtheoretic properties of F are considered. So the scientist F can well be hypercomputational.
Due to the dual nature of CLT/SoS, all of the argument from §3.5 carries over to this section.
The only difference is that H is now a cognitive process instead of a physical process. H could
be humans computing values in K̄; or, with appropriate reductions and translations, humans
computing values of the busy-beaver function.8

5

On Digressions

In this section we look at a couple of digressions in the paper and show that the claims in them do
not hold.

5.1

Comparisons with Perpetual Motion Machines

Davis starts the paper with an unhelpful comparison of hypercomputation research with the search
for a perpetual motion machine. This comparison falls flat.
First, Davis does not seem to know that while perpetual motion machines are outright excluded
by existing laws of physics (Rao 2004), nothing in the existing laws prohibit the existence or construction and harnessing of a hypercomputer (Stannett 2005). The following semi-formal argument
makes this weakness in the comparison more explicit. Let ψperp represent some formalization of the
statement “Perpetual machines exist.” in some propositional modal logic and let ψhyper represent
the statement “Hypercomputers exist.” Let Γ represent an axiomatization of all existing physical
laws. Then it is the case that
Γ ` ¬ψperp
Γ ` ψhyper
Also, via Stannett’s analysis in (Stannett 2005) we can even claim that
Γ ` ψhyper
The second issue with Davis’s comparison is that while the laws of physics are empirical, and
correspondingly can be justified only inductively, a possible proof/disproof of a finite hypercomputer
will be deductive, following from the axioms of set theory.

5.2

Other Theories

Davis mentions the richness of the field of the study of Turing degrees and complexity theory.
There is no denying such richness; indeed, this richness is one of the reasons we teach the material
in question. When talking about “oracles,” Turing imagined a black box with no internal structure
whatsoever. Davis follows the same approach in the textbook one of us has long used to teach
theoretical computer science: (Davis et al. 1994). This approach (and we specifically follow the
straightforward quantifier-based one, since our students come with a background in formal logic)
is fine if one is concerned exclusively with for example a bare-bones hierarchy. But one of the
pursuits of hypercomputation research is to study the internal structure of abstract devices which
can hypercompute. This is a rich field of study that comes with its own set of theorems for a
particular machine, and serves quite a different purpose than the study of Turing degrees, which
steadfastly leaves aside the details of any possible mechanism.9
8
9

See (Bringsjord et al. 2006) for another cognitive argument based on the the busy-beaver function.
For an overview of the theoretical power of various machines, see Ord’s (2006) overview.
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Complexity theory has of course turned out to be useful in range of fields, from systems theory to
data analysis and informatics. There is also practical benefit in studying non-Turing computability
reminiscent of asymptotic analysis in complexity theory. One use of non-Turing computability in
keeping with η3 is in formal learning theory, as introduced above. Hence we read such things as:
Consideration of noncomputable scientists thereby facilitates the analysis of proofs, making it
clearer which assumptions carry the burden. (Jain et al. 1999, 35)

6

Objections

We present three main objections to our arguments, followed in each case by our brief responses.10

6.1

Objection 1

The first objection runs as follows:
“You write that ‘A rather large number of physical and mathematical models of hypercomputation have been put forward so far.’ Well yes, but none of them, when actually physically
implemented, can do anything that a Turing machine couldn’t so far. If yes, show me the
function. The burden of proof is of course on your side!”

This objection is merely a recapitulation of Davis’ argument against η2 , which we have already
disposed. For the sake of argument, we will grant the referee’s belief that a physical hypercomputer
is physically impossible.11 Even if a physical hypercomputer would violate some laws of physics
in the actual world, the hypercomputation program still stands perfectly intact, as the physical
hypercomputer is just one part of the whole program and need not have any bearing on the other
parts of the program: viz., the abstract mathematical and cognitive domains represented by η1 and
η3 .

6.2

Objection 2

Here’s the second objection:
“You tell us that ‘Davis ignores numerous other models of hypercomputation.’ Yes, but because
they all boil down to infinite resources in some form, infinite time, or some other wacky stuff.”

There a a number of fatal flaws in this incautious remark. The first is that, absent the proofs,
the distillation to which the skeptic refers is only mythical. We tend to believe the blanket, figurative assertion that all hypercomputation is in fact fundamentally marked by the leveraging of
infinitary information-processing — but we are not prepared to file this assertion in the science
of hypercomputation: relevant proofs are needed. Such proofs, if the Church-Turing Thesis has
taught us anything, are hard to come by. After all, many tend to believe that Turing-machine
information-processing is at the essence of effective computation, but the proofs to support this are
rather hard to come by.
10

We are grateful to colleagues and three anonymous referees for their comments.
One must be careful about the iterated alethic modal operators that would have to be made explicit if the present
objection was to be rendered more rigorous: To say that some state-of-affairs φ is physically impossible is probably
best formalized as saying that φ’s obtaining would violate the laws of physics in the “actual world.” To say that
it’s mathematically impossible that a physical hypercomputer be physically possible is clearly false, as the iterated
operators here make reference to possible worlds with physical laws different than those in the actual world.
11
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The second flaw in the remark is that what has been painstakingly formalized in accordance
with the highest standards of formal logic and mathematics is without question not “wacky.”
Many hypercomputers have been so formalized; recall our earlier references. In general, the formal
sciences amount to very little if infinite structures and processes are by fiat ruled out as “wacky.”
In particular, note that any skepticism of the sort here expressed by our opponent would by analogy
serve to reject as “wacky” the sub-field of formal logic known as infinitary logic. Standard formal
proofs in first-order logic, when checked, are finite in length; but formal proofs in even the smallest
infinitary logics (e.g., Lω1 ω ) are allowed to be infinitely long (specifically, countably infinite). In
decades of mathematical work since the advent of infinitary logics, no one to our knowledge has
even entertained the notion that such work on infinitary logic is anything but just good, solid formal
science.
The third flaw is that the critic here seems to imply that all hypercomputation models presented
so far are just Turing-level machines. It’s one thing to claim that hypercomputers are physically
impossible; it’s quite another to claim, as the critic apparently does, that hypercomputers even
when physically implemented are just Turing machines with respect to their computational power.
Since this is patently absurd, we assume that the objection here means that when approximations
of hypercomputers are implemented they do not surpass Turing machines. In that case, one could
also say that when approximations of Turing machines are implemented (using finite memory)
they do not surpass finite-state machines. As all know, idealized Turing machines have not been
implemented, as they involve the “wacky” notion of an infinite tape. We are thus led to to this
well-known folk argument in hypercomputation circles:
If one believes that an idealized Turing machine can be implemented, then one cannot dismiss
hypercomputation on the grounds of implausibility of infinite resources. In other words, if approximate implementations of Turing machines are enough for Turing machines to be considered
“real,” then why apply a radically more demanding set of desiderata to hypercomputers?

6.3

Objection 3

The third objection:
“Do the authors really believe that the accelerating TM is a model worth mentioning as a
physically plausible hypercomputer?!”

Yes, we believe that this is at least physically plausible — but we hasten to add that this belief
has little to do with the core flaws in Davis’ reasoning. Xia’s (1992) result that, under certain conditions, a body can be accelerated to infinite time, seems to support our belief that the accelerating
model could be physically possible. Even if we are wrong that the model if physically possible, we
are quite sure that it’s logically possible that it’s physically possible, and that proposition, in the
end, is all that’s required for our defense against Davis to stand.

7

Conclusion

We classified Davis’s attack into those aimed against the three disjuncts composing hypercomputation (declaratively understood), and saw that in each case the attack was anemic. In the first case,
we have nothing more than assuming what is to be shown. The second attack fails for five different
reasons; and the third shares a common reason with the second. Summarizing schematically:
1. The finite assumption (§3.1) is again petitio principii.
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2. The uncomputable-weights argument (§3.2) is found to be wanting as it ignores other models of
hypercomputation.
3. The abstractness argument (§3.3) applies to Turing machines also.
4. The necessity of non-computable physical constants arguments (§3.4) fails as it ignores other models
of hypercomputation which don’t need such inputs.
5. The SoS/CLT argument (§3.5) shows that Davis simply legislates, and unwisely as that, that neither
physical nor cognitive processes can be hypercomputational.

We have also responded to arguments presented on behalf of Davis and found them wanting.
We would like nothing more than to promise that our future work will reveal other attacks on
hypercomputation (e.g., Davis 2006) to be more formidable than those refuted herein. Alas, our
initial analysis indicates to us that such attacks are, like the ones evaluated herein, nothing more
than myths.
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Abstract
This paper investigates the view that digital hypercomputing is a good reason for rejection
or re-interpretation of the Church-Turing thesis. After suggestion that such re-interpretation
is historically problematic and often involves attack on a straw man (the ‘maximality thesis’), it discusses proposals for digital hypercomputing with “Zeno-machines”, i.e. computing
machines that compute an infinite number of computing steps in finite time, thus performing
supertasks. It argues that effective computing with Zeno-machines falls into a dilemma: either
they are specified such that they do not have output states, or they are specified such that
they do have output states, but involve contradiction. Repairs though noneffective methods
or special rules for semi-decidable problems are sought, but not found. The paper concludes
that hypercomputing supertasks are impossible in the actual world and thus no reason for
rejection of the Church-Turing thesis in its traditional interpretation.
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